ANALYSIS OF THE HODGE LAPLACIAN ON THE HEISENBERG GROUP 



DETLEF MULLER, MARCO M. PELOSO, AND FULVIO RICCI 

Abstract. We consider the Hodge Laplacian A on the Heisenberg group endowed with a 
left-invariant and (7(n)-invariant Riemannian metric. For < fc < 2n + 1, let denote the 
Hodge Laplacian restricted to fc-forms. 

Our first main result shows that L^A'°(_ff„) decomposes into finitely many mutually orthog- 
onal subspaces Vv with the properties: 

• dom Afc splits along the V^'s as J]]^(dom A^ n V„); 

• Afc : (dom Afe n Vy) — > V„ for every 

• for each u, there is a Hilbert space Hi, of L'^-sections of a i7(n)-homogeneous vector bundle 
over Hn such that the restriction of A^ to is unitarily equivalent to an explicit scalar 
operator. 

Next, we consider L^A^, 1 < p < oo, and prove that the same kind of decomposition holds 

true. More precisely we show that: 

_ a_ 

• the Riesz transforms dA^. ^ are L^'-bounded; 

• the orthogonal projection onto V,^ extends from [L^ n I/*')A* to a bounded operator from 
Lf A*^ to the the Lf-closure VS of n A*^. 

We then use this decomposition to prove a Mihlin-Hormander multiplier theorem for each 
Afe. We show that the operator m(Afe) is bounded on L^A''{H„) for all p £ (1, co) and all 
k = 0, . . . ,2n + 1, provided m satisfies a Mihlin-Hormander condition of order p > (2n + l)/2. 
We also prove that this restriction on p is optimal and extend this result to the Dirac operator. 
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Introduction 

The theory of the Hodge Laplacian A on a complete Riemannian manifold M shows deep 
connections between geometry, topology and analysis on M. While this theory is well developed 
in the case of functions, i.e., for the Laplace-Beltrami operator, much less is known for forms 
of higher degree on a non-compact manifold. In particular, one basic question that one would 
like to answer is whether the Riesz transform (iA~2 is L^-bounded in the range 1 < p < 00. 
According to [St], this property is relevant for establishing the Hodge decomposition in for 
differential forms, cf. [ACDHl iLi] ILoh| and references therein. 

In a similar way, functional calculus on self-adjoint, left-invariant Laplacians and sublaplacians 
L on Lie groups and more general manifolds has been widely studied, cf. O \An\ lAnLohl \Ch\ 
IChMl IClSl ICoKSii iHel iHeZl [mH iMaFl HalMl ILuMSl IMauMel iMSl EH E]- A key question 
concerns the possibility that, for a given L, a Mihlin-Hormander condition of finite order on 
the multiplier m(A) implies that the operator m{L) is bounded on for 1 < p < 00. A second 
fundamental question is the L^-boundedness, in the same range of p, of the Riesz trasforms 
XL~^ for appropriate left-invariant vector fields X [CD l ICMZj [GSjj ILoh2[ ILohMu] . 

Also in these situations, not much is known for operators which act on sections of some 
homogeneous linear bundle over a given group. The most notable case is that of sublaplacians 
associated to the 9i,-complex on homogeneous CR-manifold [CoKSH IFSj 
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In this paper we consider the Hodge Laplacian A on the Heisenberg group Hn, endowed with 
a left-invariant and U (n)-invariant Riemannian metric, and give answers to the above questions. 

The rich structure of the Heisenberg group makes it a natural model to explore such questions 
in detail. First of all, it has a natural CR-structure, with a well-understood Kohn Laplacian 
|FSj . and nice interactions with the Riemannian structure |MPR1] . 

For operators on Hn which act on scalar- valued functions and are left- and U (n)-invariant, the 
methods of Fourier analysis are quite handy to study spectral resolution, and sharp multiplier 
theorems for differential operators of this kind are known |MRSlirMRS2j . This class of operators 
is based on two commuting differential operators, namely the sublaplacian L and the central 
derivative T, in the following sense: 

- the left- and C/(n)-invariant differential operators on Hn are the polynomials in L and T; 

- the left- and [/(n)-invariant self-adjoint operators on L^{H„) containing the Schwartz 
space in their domain are the operators m{L,i~^T), with m a real spectral multiplier. 

The same methods also allow to study operators acting on differential forms, like the Kohn 
Laplacian, which have the property of acting componentwise with respect to a canonical basis 
of left-invariant forms, cf. (II. 4p . 

On the other hand, the Hodge Laplacian restricted to A;-forms, which we denote by A^t and 
whose explicit expression is given in (jl.22p below, is far from acting componentwise. 

Nevertheless, we are able to reduce the spectral analysis of A/; to that of a finite family of 
explicit scalar operators. We call scalar an operator on some space of differential forms which 
can be expressed as D (8> /, i.e., which acts separately on each scalar component of a given form 
by the same operator D. 

We do so by introducing a decomposition of L^A^(i/„,) into finitely many mutually orthogonal 
subspaces Vu with the following properties: 

(i) dom Afc splits along the Vj^'s as ^^^(dom A^ n Vu)', 

(ii) Afc : (dom Afc n Vu) — > Vu for every u; 

(iii) for each there is a Hilbert space T-Lu of L^-sections of a [/(n)-homogeneous vector 
bundle over Hn such that the restriction of Ak to Vu is unitarily equivalent to a scalar 
operator mu{L,i^^T) acting componentwise on Hu] 

(iv) there exist unitary operators Uu '■ T-Lu — ^ Vu intertwining mu{L,i~^T) and A^ which 
are either bounded multiplier operators Uu{L,i"^T), or compositions of such operators 
with the Riesz transforms 

R = dA-^ , n = dn-^ , H = dU~^ . 

This is done in the first part of the paper (Sections [3]l8]), and we refer to this part as to the 
"L^-theory". The main results in this context are Theorems 18.11 and 18. 6[ resp., where we obtain 
the decomposition of L'^A^ into the A^-invariant subspaces Vu, respectively for < A; < n and 
n + l</c<2n + l. 

This decomposition is fundamental for all the second part of the paper, which we are going 
to describe next. A quick description of the logic and the basic ideas in the construction of the 
Vu is postponed to the last part of this introduction. 
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In Sections [9]| 121 we develop the "L^'-theory"0. We prove that, for 1 < p < oo, the same kind 
of decomposition also takes place in L^A''. Precisely: 

(a) the intertwining operators Ui, in (iv) have L'^'-bounded extensions; 

(b) consequently, the orthogonal projections U*Ui, from L'^A^ to extend to bounded 

operators from L^A'' to the the L^-closure of V„ n L^A''; 

_i 

(c) the Riesz transforms Rk = dA^ ^ are L^-bounded; 

(d) the L^-strong Hodge decomposition holds true for /c = 0, . . . , 2n + 1, and more precisely 
L^A^ is direct sums of the subspaces Vj^'s. 

The (much simpler) case of 1-forms was already considered in |MPR1| . We expect that our 
results can be applied to the study on conformal invariants on quotients of H^, along the lines 
of |MPR2j . cf. [LotllLiI] . 

In our last main result, as consequence of the L^-theory we develop, we prove a Mihlin- 
Hormander multiplier theorem for A^, for all A; = 0, . . . , 2n + 1. We show that, if m : M — )■ C is a 
bounded, continuous function satisfying a Mihlin-Hormander condition of order p > (2n + l)/2, 
then, for 1 < p < oo, the operator m(Afc) is bounded on LP{Hn)A^ , with norm bounded by the 
appropriate norm of m (cf . Theorem lll.ip . 

We briefly comment on some interesting aspects of the proof and on some consequences and 
applications. It is always assumed that 1 < p < oo. 

• Our inductive strategy requires that two statements be proved simultaneously at each 
step: property (a) above for the given k and L^-boundedness of the Riesz transform 
Rk = dA^ . Precisely, the validity of (a) for a given k implies L^-boundedness of R^, 
and this, in turn, is required to prove (a) for k + 1. 

• In order to handle the complicated expressions of the intertwining operators Uy, we 
identify certain symbol classes, denoted by ^p", which satisfy simple composition prop- 
erties, contain all the scalar components of the U^, and, when bounded, give L^-bounded 
operators (cf. Subsection 19. 2p . 

• Taking as the initial definition of "exact L^-form" a form uj which is the L^-limit of a 
sequence of exact test forms (cf. Proposition 14.51 for p = 2), we prove in Subsection 111.21 
that this condition is equivalent to saying that uj is in and a differential in the sense 
of distributions. Incidentally, this allows to prove that the reduced L^^-cohomology of 
Hn is trivial for every k. 

• The Mihlin-Hormander theorem for spectral multipliers of A^, proved in jMPRlj for 
k = 1, extends to every k. 

• Our analysis of A easily yields analogous results for the Dirac operator d + d* . Studying 
the Hodge laplacian first has the advantage of isolating one order of forms at a time. 
Corollary 111.51 is a multiplier theorem for the Dirac operator completely analogous to 
Theorem 111.11 

Outline of the decomposition ofli^A^. 

^There is an unfortunate notational conflict, due to the fact that the letter p is the commonly used symbol 
for both Lebesgue spaces and bi-degrees of forms. In this introduction and in the titles of sections we keep the 
notation , while in the body of the paper we will denote by U the generic Lebesgue space. 
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We go back now to the construction of the subspaces of L^A'^(ff„). 

First of ah, by Hodge duahty, we may restrict ourselves to form of degree k < n. We start 
from the primary decomposition into exact and d*-closed forms: 

where each summand is Ajt-invariant. 

_ i_ 

Since the Riesz transform Rk^i = dAf^^-^ commutes with A and transforms {L'^A''~^)d*-c\ 
onto {L'^A^)d-cx unitarily, any A-invariant subspace of (-^^^A^^-'^)^*.^ has a twin A-invariant 
subspace R^-iVy inside {L'^A'')d-cx- 

The analysis is so reduced to the space of (i*-closed forms. Associated with the CR-structure 
of Hn, there is a natural notion of horizontal {p, q)-form as a section of the bundle 

and of horizontal k-form as a section of = Yl^+g=k A^'"^. 
Every differential form u decomposes uniquely as 

to = UJl + 9 A 0)2 , 

where uji,uj2 are horizontal and 9 is the contact form. Moreover, a (i*-closed form lo is uniquely 
determined by its horizontal component wi. 

From now on it is very convenient to introduce a special "test space" Sq, contained in the 
Schwartz space, together with its corresponding spaces of forms, SqA^, SqA^'"^ etc., which are 
cores for A^ and the other self-adjoint operators that will appear. 

For forms in the core, we have enough flexibility to perform all the required operations in a 
rather formal way, leaving the extensions to L^-closures for the very end. For instance, we can 
say that to every horizontal form oji in the core we can associate a "vertical component" 9 A0J2, 
also in the core, to form a (i*-closed form oji + 9 A uj2 in the core. 

Setting ^{oJi) = coi + 9 Auj2, we can replace A^ by the conjugated (but no longer differential) 
operator = o A^ o $, which acts now on the space of horizontal A;-forms in the core and 
globally defined. 

Here comes into play another invariance property of A^, which is easily read as a property 
of -Dfc and involves the horizontal symplectic form d9. The following identity holds (cf. Lemma 
15. lip for a horizontal form w of degree k: 

(0.1) Dkid9 Auj) = d9 A{Dk-2 + n- k + l)u} . 

This brings in the Lefschetz decomposition of the space of horizontal forms, as adapted in 
|MPR1| from the classical context of Kahler manifolds |Wj . Denoting by e{d9) the operator of 
exterior multiplication by d9 and by i{d9) its adjoint, it is then natural to think of the core 
5oA^'''^ in the space of horizontal {p, g)-forms as the direct sum 

mm{p,g} 

SoAP'" = Yl e{d9ykevi{d9) . 

j=0 

Here each summand is D^-invariant, and the conjugation formula (10. ip allows us to focus our 
attention on kei i{d9). 
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Nevertheless, keri^dO) still is too big a space to allow a reduction of to scalar operators. 
It is however easy to identify, for each pair (p, q) with p + q = k, a proper Z)fc-invariant subspace 
of ker ^(^6*) n SqAP'", namely 

Wo^'" = {uj€ cSoAP'« : d*oj = d*uj = 0} . 

It turns out that acts as a scalar operator on W^'"^, so that the L^-closure Vq'"^ of $(VFq 
will be one of the spaces we are looking foil 
Next, we take to the orthogonal complement of 

p+q=k 

in 5oA^. We have 

and we can telescopically expand this splitting to obtain that 

= e{d^ + drj:^,rj£ W^-^} {Bd^ + BBt] : e ^qA^-^} 
= ®{di + dri:i,ri(^ © {ddi + ddr]:^,r]e Wq''"^} ® " " " 

p+q=k p+q=k~l 

© E* {^^^ + 59r? : ?? G W^'"] © • • • 

The subspaces 

W^f 9 = {di + dr]:i,r]e W^''^] {p + q = k - I) 
W^'" = {dd^ + ddri:tv^ W^'"} {p + q = k-2) 
etc. 

generated in this way are D^-invariant and mutually orthogonal. 
Matters are simplified by the fact that, for j > 1, 

W^f^ = e{de)Wf''^ . 
So only VFq'^, VFf'^ and part of IVl'"^ are contained in kevi^dO). Setting 

wf;^ = eidefwl^'^ , w^f^ = eideYwp^'' , 

we obtain that 

p+q=k p+q+2£=k-l p+q+2£=k-2 

On each Wq''^ and Wf"') ^k acts as a scalar operator, as required. 



Wq'"'' is nontrivial, unless p + q = n and < p < n, cf. Proposition 15.31 
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The situation is not so simple with W^'"^, because the best one can obtain is a representation 
of -Dfc as a 2 X 2 matrix of scalar operators, after parametrizing the elements of Wf''^ with pairs 
rj) of forms in VFq 

^r,') \m2i{L,i-'T) m22{L,i-^T)J [ 

A formal computation can be used on the core to produce "eigenvalues" X±{L,i~^T) and the 
splitting of Wf'"^ as the sum of the two "eigenspaces" Wf'"^'^. 
The final decomposition is in formula p0.2p . 

1. Differential forms and the Hodge Laplacian on Hn 
The Heisenberg group Hn is C" x R with product 

(1.2) {z, t){z',t') = (^z + z',t + t' - ^9m {z, z')) • 

On its Lie algebra, also identified with C" x R, we introduce the standard Euclidean inner 
product, and we consider the left-invariant Riemannian metric on Hn induced by it. The complex 
vector fields 

Zj = V2(d,^ - '-zjdt) , Zj = V2{d,^ + '-z,dt) , T = dt 

(with 1 < i < ra) form an orthonormal basis of the complexified tangent space at each point, 
and the only nontrivial commutators involving the basis elements are 

(1.3) [Z,,Z,] = iT. 
The dual basis of complex 1-forms is 

1 - 1 i " 

(1.4) Cj = -^dzj , Cj = ^dzj , 9 = dt + - Y^^izjdzj - zjdzj) . 

The differential of a function / is therefore 

n 

This formula extends to forms, once we observe that = dQj = and the differential of the 
contact form 9 is the symplectic form on C", 

n 

(1.5) de = -iY,Cj ^Cj ■ 

A differential form oo is horizontal if Bjoj = 0, i.e. if 

(1.6) a; = ^ //,/<' A r . 

1,1' 

Every form lo decomposes as 

(1.7) OJ = UJl + hOJ2 , 
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with uji,u}2 horizontal. 

A differential operator D acting on scalar-valued functions is extended to forms by letting 
D act separately on each scalar component (jl.6p of each horizontal component (jl.7p . Such 
operators will be called scalar operators. 

The partial differentials d, d, dn (resp. holomorphic, antiholomorphic, horizontal differential) 
of a form oj are defined as 

n n 

(1.8) duj = ^ Cj ZjUj , Buj = ^ Cj A ZjUj , dz/cj = duj + Bto . 

As in jMPRlj . Prop. 2.2, for u = fC^ A C^' , 

(1.9) div = Y,4i(Zd)C' A r , Buj = (-1)1^1 e{,,(Z,/)C^ A C''' , 

e,j e,j' 

where ejj = unless i ^ I and {£} U / = J, in which case 

= n'^Sn(i-^) . 

Obviously, they act separately on each horizontal component (11. 7p of w, and the same is true 
for their adjoints d*,B*,d*jj, where 

(1.10) d*iv = -^eljiZefK' AC'' , B*u; = i-lf\+'Y.4AZd)C' ^C'' ■ 

i,J i,J' 

Moreover, 8"^ = B'^ = B*^ = B*^ = 0. 

Two operators that will play a fundamental role in this paper are 

(1.11) e{de)uj = de Auj and i{de)uj = e{de)*oj = dOjuj . 
Together with d and 9, they satisfy the following identities: 

dB + BB = d]r = -TeidO) , 

(1.12) _ _ o 

8*B* + B*8* = d*H^ = Ti{de) , 

and 

(1.13) BB* = -B*B and B*B = -BB* . 
Other formulas involving B, B, e{dO) and their adjoints are 

[i{de),B] =-iB* , [i{d9),B] =iB* , 

^ ■ [B*,e{d9)] = iB , [B*,e{d9)] = -iB , 

(1.15) [i{de),B*] = [iide),B*] = = [eide),B] = [eide),B] 
and 

(1.16) [i{de),e{d9)] = {n-k)I . 

For these formulas and the following in this section, we refer to IMPRlj l^ 



■^Perhaps we should add a few more formulas, while moving them into a section, later in the paper. 
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We define the holomorphic, antiholomorphic and horizontal Laplacians as 

n = dd* + d*d , 

(1.17) n = dd* +d*d , 

Ah = dHd*H + d*HdH = □ + □ . 
Each of these Laplacians acts componentwise. Calling (p, g)-form a horizontal form of type 

|/|=p,|/'|=g 

and introducing the sublaplacian 

n 

(1.18) L = -Y,iZ,Zj + ZjZj) , 

the operators 0,0, Ah coincide on {p,q)-forms with the following scalar operators: 

AH = L + iiq-p)T . 

To be more explicit, we shall occasionally denote the "box"' operators by Op and Oq. Some 
commutation relations that we will use are (see |MPRlj ) 

Dd = d(n-iT), nd* = d*(n + iT), 
(1.20) _ _ _ _ 

□a = (9(n + iT) , ad* = d*{a- iT) . 

The full differential d of a form uj = uji + 9 f\ 0J2 and its adjoint d* are represented, in terms 
of the pair {001,^2), by the matrices 

n on ( '^H e{de)\ ^ _ ( d*^ -T 

\T -dn) ' - \i{de) -d*H 

and the Hodge Laplacian A = dd* + d*d by the matrix 

'Ah -T^ + e{de)i{de) [d*H,e{d9)] 

[i{d9),dH] Ah-T^ + i{d9)e{de)^ 

(1.22) 

^Ah - r2 + e{d9)i{d9) id - id 

id* -id* Ah-T'^ + i{d9)e{d9)^ 

When A acts on /c- forms, it will be denoted by A^. In particular, 

Ao = L - . 
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We denote by A'^ the k-th exterior product of the dual f)* of the Lie algebra of Hn (identified 
with the linear span of (i, . . . XnXi, ■ ■ ■ Xn,9), by the A;-th exterior product of the horizontal 
distribution (i.e. the linear span of the CjiCj)' ^^'^ by A^'"^ the space of elements of bidegree 
{p,q) in A^. Symbols like U'K^^ ShP''^ etc., denote the space of L^'-sections, 5-sections etc., of 
the corresponding bundle over Hn. Clearly, L^A^ ^ ® etc.. 

2. Bargmann representations and sections of homogeneous bundles 

The L^-Fourier analysis on the Heisenberg group involves the family of infinite dimensional 
irreducible unitary representations {t^\}\^o such that TT\{Q,t) = e*^*/. These representations 
are most conveniently realized for our purposes in a modified version of the Bargmann form [F]. 

Let J- = J-"(C") be the space of entire functions F on C" such that 

= / \F(w)\^e-^\'^\'' dw < oo . 

The family of Bargmann representations ir\ on is defined, for A 7^ 0, as follows: 

(i) for A = 1, 

(2.1) {Tn{z,t)F){w) = e''e-^^'"''^~i^'^' F{w + z) . 

(ii) For A > 0, 

(2.2) 7rx{z,t) =7ri{xh,Xt) ; 

(iii) for A < 0, 

(2.3) 7rx{z,t) = TT.x{z,-t) . 

The unitary group U{n) acts on Hn through the automorphisms 

{z,t) ^ {z,ty = {gz,t) , {g£U{n)), 
and on L'^{Hn) through the representation 

{aig)f)iz,t) = f{iz,ty-') . 
We also consider the pair of contragradient representations U,U of C/ (n) on J^, given by 

(2.4) UgF = Fog-\ Ug = U-g . 
Then 

T^xigz, t) = Ug TTx{z, t) Ug-1 , for A > , 
TTxigz, t) = Ug TTx{z, t) Ug-1 , for A < . 



The representation U in (|2.4|) splits into irreducibles according to the decomposition of F 

(2.6) -^ = E^i' 

i>o 

where Vj denotes the space of homogeneous polynomials of degree j. 
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We denote by Pj the orthogonal projection of on Vj, and by J-°^ the space of functions 
F ^ F such that 

(2.7) ||P,F||^ = o(j-^) , ViVGN. 

Then is the space of C°°-vectors for ah representations vr;^. 
The differential of ttx is given b>07rA(T) = i\ and 

...^ fV2\d^, ifA>0 j-J^w, ifA>0 



'^li;^ ifA<0; ^' [v^a^^ if A < 

We adopt the following definition of 7rA(/): 

(2.9) TTxif) = [ f{x)7Tx{x)-^ dx G L(^, F) . 

J H„ 

Notice that iT\{f * g) = '^x{g)T^\if), but this disadvantage is compensated by a simpler 
formalism when dealing with forms or more general vector- valued functions. 
The Plancherel formula for / G is 

f + OO 



C, 



/H-oo p+oo 
\Mf)fHs\>^rdX = Cn / j;||P,7rA(/)P,.||?^slArdA. 
-OO J~00 j j/ 



Let 1^ be a finite dimensional Hilbert space. Defining 7r\{f) for F-valued functions / by (j2.9p . 
we have 

TTxU) e L{F, F)(^V^ LiF, F(g)V) . 

Suppose now that V is the representation space of a unitary representation p of U{n), and 
consider the two representations U ® p, U (S> p oi U{n) on F ®V . Denote by = S^'"*^ (resp. 

E~ = S^'~) the set of irreducible representations a G U{n) contained m.U ® p (resp. vaJJ ® p), 
and let 

(2.10) ^®y= £:± 

o-es± 

be the corresponding orthogonal decompositions into {7(n)-types. When V = C, the decompo- 
sition (j2.10p reduces to (j2.6p . To indicate the dependence on p, we shall sometime also write 

c± _ cP,± 

Lemma 2.1. i?ac/i (f^ is finite dimensional and decomposes into U{n) -invariant subspaces 

j 

In particular £^ C F 0V. More precisely, £^ C F°° (E> V, where F°° is defined in (j2.7p . 



Even though dnx{D) is the more standard notation, we prefer to reduce the number of d's around. 
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Proof. We only discuss the case olU®p. For every j, Vj®V is an invariant subspace. Therefore, 
for a G {/(n), <S+ = <f + n (T^j ® F). Let Xj; Xpj Xa be the characters of C/|p ,/), cr respectively. 
The multiplicity of a in Vj ®V \s then given by 



Xj{9)Xp{g)Xa{g) dg = {xj,XpXa) , 

U{n) 

which is the multiplicity of U\ m. p^a (with p denoting the contragredient of p). Since this 

representation is finite dimensional, the multiplicity can be positive only for a finite number of 
j. It follows that iS+ has finite dimension. 

Since £^ consists of ^/-valued polynomials, it is obviously contained m. G ®V . Q.E.D. 

The decomposition of J-®V given above leads to the following form of the Plancherel formula 
for LP'V , with denoting the orthogonal projection oi F ®V onto 



2 - r 

2 — t-n 



/ + 00 
E \\pr^^x{m\\is\A'' d\ 



(2-11) 

wpr'^ximisiM'^dx. 

Let p' be another unitary representation of 1/(11) on a finite dimensional Hilbert space V' . 
The convolution 



f*K{x) = I K{y-^x)f{y)dy 



of integrable functions / with values in V and K with values in L(V, V') produces a function 
taking values in V' . In the representations tta, A 7^ 0, 

and 

7rA(/ * K) = 7rxiK)7Txif) G L(^, F<S)V') . 

Let p (resp. p') be the representation a p on L^V (resp. a ® p' on L?'V') of U{n) and 
suppose that convolution by K is an equivariant operator, i.e. 

(2.12) p'{g){f*K) = {p{g)f)*K 

for g G U{n) and / G SV . Since for f ^ SV and ^ G J", with A > 0, 



^a(p'(5)(/*A0)^ = jj p'{g)K{y-'x)fiy)Ug7rx{x-')Ug-i^dydx, 

7Tx[{p{g)f)*K)y = jj K{y~^x)p{g)f{y3")TTx{x-^)idydx, 
by letting / tend weakly to 5q®v, with v ^V, we see that (|2.12p implies 

p'{g)K{x)vUgTTxix~^)Ug-i£,dx = / K{x)p{g)v 7T\{x~^)S, dx. 
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Replacing ^ by Ug(,, we obtain 

Ug p'{g) (7Tx{K){^ v)) = 7rx{K){Ug ^ p{g)v) 

for every G J-", v G V. A similar formula holds for A < with U in place of U . Thus (j2.12p 
implies the following identities, for K defining an equivariant convolution operator: 

{U®p'){gyx{K) = TTx{K){U®p){g) , A>0 

{U®p'){g)TTx{K) = T^x{K){U®p){g), A<0 

for g G U{n), i.e. Trx{K) intertwines U ® p and U ® p' , ot U ® p and U ® p' depending on the 
sign of A. The following is an immediate consequence. 

Lemma 2.2. Assume that convolution hy K ^ ® LiV, V) is an equivariant operator. Then, 
setting S^'^'-'^s'^^ = S^'^^s'"^ n Y.p''''^^, 

TTxiK) = TTxAK) , 

with TTx,a{K):£^'""'^^£^''""'^- 

By a variant of Schwartz's Kernel Theorem, the convolution operators D with kernels K G 
S'{Hn) ® L(y, V') are characterized as the continuous operators from S{Hn) to S'{Hn) ® V 
that commute with left translations on Lemma [2 . 2 1 applies to operators of this kind, provided 
that the Fourier transform iixiK) is well defined for A 7^ 0. This is surely the case if K has 
compact support, and in particular for a left-invariant differential operator Df = f * {D6q). We 
then have 

TTxiDf) = 7rxiD5o)TTx{f) = 7rxiD)TTx{f) . 

We apply these remarks to the differentials and Laplacians introduced in Section [H 
With pfc denoting the representation of U (n) on A'^ induced from its action on Hn by auto- 
morphisms, and, as before let pk = a0 pk he the tensor product acting on L'^A^. Then d, d* , 
are equivariant operators. The same applies to d, B, du etc. on the appropriate L^-subbundles. 

Notice that □, □ and Aj^ have the special property of acting scalarly on (p, g)-forms, by 
(jl.lOp . Since the sublaplacian L has the property that ttx{L) acts as a scalar multiple of the 
identity (namely, as |A|(2m-|-?i)/) on Vm. C the same is true for the image of □, □, A// under 

VTA. 

3. Cores, domains and self-adjoint extensions 

For d < 6 < R and G N, denote by Ss^R^N^Hn) the space of functions / satisfying the 
following properties: 

(i) / G S{Hn); 

(ii) 7rA(/) = for |A| < 5 and |A| > R; 

(iii) for 5 < |A| < R, PjTTxif) = for j > N. 

We set So = \J5,r,n '^s,r,n- 
Lemma 3.1. Sq is invariant under left translations, and dense in Lp' . 
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Proof. The first statement follows from the identity Ti\{L(^z,t)f) = '^\{f)'^\{z-,t) ^, where L(^z,t)f 
is the left translate of / G 5o by {z, t)~^. Take now / G 5. For 6, R > 0, a C°°-function us^r{X) 
on M, with values in [0, 1], supported where S < \X\ < R and equal to 1 where 26 < |A| < R/2. 

Given e > 0, by Plancherel's formula it is possible to find 6,R > and N € N such that the 
L^- function g such that irxlg) = us,r{X) Ylij<N^j^>^if) approximates / in L?' by less than e. 

We claim that g is in 5, hence in 5o, and this will conclude the proof, by the density of S 
in L2. 

By definition, g = f * h, where h is the function with 7r\{h) = M5,_r(A) J2j<N ^j- explicit 

computation of the matrix entries of the representations of Hn |Th] . the Fourier transform h{z, A) 
of h in the variable equals 

h{z,X) =us,R{X)^ipj{\X\h) , 

where the ipj are Schwartz functions on C". Hence h S S{Hn) and so is g. Q.E.D. 

We regard Sq as the inductive limit of the spaces Ss,r^n, each with the topology induced 
from S. 

Obviously, SqV = Sq^V is contained in SV and dense in L^V. Assume, as in Section [21 that 
y is a finite dimensional Hilbert space on which U{n) acts unitarily by the representation p. 
Taking into account the action of U{n), one can then introduce a different chain of subspaces 
fining up SqV. Given 0<S<R, Ne'N and finite subsets of T,^, define Ss^r^x±V as the 
space of functions / such that 

(i') / G S{Hn) ® V; 
(ii') 7rA(/) = for |A| < J and |A| > ii; 
(iii') for 5 < |A| < R, Pa^^'^TTxif) = for cT X^^""^; 

It follows from Lemma 12.11 that finite unions of the S^^r^x^^ exhaust finite unions of the 
<Ss,r,nV and viceversa. 

In order to develop the L^-analysis of differentials and Laplacians, we establish some general 
facts about densely defined operators from L^V to L^V , wih {V,p), (V' , p') finite-dimensional 
representation spaces of U (n). Precisely, we consider operators whose initial domain is SqV and 
which map SqV into SqV , continuously with respect to the Schwartz topologies. Most of the 
operators to be considered in this paper will belong to this class. 

Lemma 3.2. 

(i) Let {V,p), {V , p') be finite- dimensional representation spaces ofU{n), and let 

B:SqV ^ SqV , 

he a left- invariant linear operator, U{n)-equivariant and continuous with respect to the 
SQ-topologies. Then there exists a family of linear operators -Ba.o- : £p^^^^ — > '^^'^^j 
depending smoothly on X ^ 0, such that 

(3.1) 7r,iBf)= , 
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(ii) Conversely, given any family of linear operators Bx^a '■ — E^'^^^'^, depending 
smoothly on A 7^ 0, there is a unique left-invariant operator B : SqV — > SoV , U{n)- 
equivariant and continuous with respect to the S^-topologies, such that ()3.ip holds for 
every f G S^V . We set 

TTxAB) = Bx,a , Bx= Bx,aP^^^ , 7^x{B) = Bx • 

(iii) The closure of B as an operator from Lp'V to L^V has domain dom (B) consisting of 
those f G LP'V such that 



/+00 
Y,\\Bx,.PT^i^x{f)\\ls\A''dX<^ . 

(iv) If (V, p) = {V' , p') and B is symmetric (equivalently, Bx^a is symmetric for every X, a), 
then B is essentially self-adjoint. 

(v) If B is symmetric and m is a Borel function on the real line such that m(Bx,a) is well 
defined for every X, a, the domain of m{B) is the space of those f E L^V such that 

/+00 
Y \\m{Bx,.)Pr'^x{f)\\ls dX<^. 

Moreover, the space SqV n dom (^7n{B)^ is a core for m{B) and the identity 

/+00 
J^tr (m(i3A,<x)P^^"V(/)vrA(5)*)|ArdA 

holds for f G dom {rn{B)^ and g G L^V . 

Proof. To prove (i), let {<&^}£gp} be an enumeration of the orthonormal basis of monomials in T. 
Define linear operators Ei^ii : T ^ T hy setting Ei^iiF = {F,^if)j^^£. Let also {a} and {e'j} 
be (finite) bases of V and V' respectively. 

Given two compact intervals [a, b] and [a', b'] such that [a, b] C [a', b']^, with a' > (for intervals 
contained in R~ the proof is similar) and ^ G N, there exists gi G So such that TTxidi) = ^e/ for 
A G [a, b] and irxidi) = for A [a', b'] (cf. the proof of Lemma l3.ll and [Thj ) . 

Then B{ge (g) a) G SoV and 

(3.3) MBige ® ei)) =Y{Y1 ^hAjWEh,k) ® e'j , 

j h,k 

where the sum in h ranges over a fixed finite set of indices independent of A. The coefficients 
cf\,j are smooth in A and, since B is left-invariant, supported in [«',&']. 
Take now / = fi® Ci G SqV with iTxif) = for A [a, b]. Then 

/ = Y^-f' * * ® ' 

i,£ 

where the sum is finite. Hence, by the continuity assumption on B, 

Bf = Y(fi*9e)*B{gi®ei) . 
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Introducing the notation 
we have 

The composition 'Kx{B{gi ei)^'Kx{fi * ge) is well defined, because the second factor has the 
one-dimensional range C^g. Therefore the index k in (j3.3p can only assume the value i, and 

nx{Bf) = ^ .(A)i?,,,^/,(A,£,/)£;,,,,) ® e;. 

j il h e 

= E(EE(E4;\/A)/.(A,A/))i^,,,) ®e;. . 

i ^ i h,i' i ^ 

The infinite matrix Cij{X) = (c^'^ j(A))^^ has only a finite number of nonzero entries, hence 

it defines a linear operator B^j from the linear span of the (i.e. the space of polynomials 
inside J^) into itself, by setting 

h 

Notice that Bf-E^^i^t = Ylh'^h/,jW^h,i' ■ Then, setting Ej^ = {■,ei)ve'j G L{V,V'), one easily 
verifies that 

(3.4) Bx = ^Bl^<^E'^^, , 

id 

maps ^-valued polynomials into F'-valued polynomials and 

(3.5) TTxiBf) = Bxnxif) , 

for every / E with iTxif) = for A [a, b]. 

It is now easy to prove that for A G [a, b], Bx is uniquely defined by the identity (|3.5p . which 
shows that it does not depend on the choice of the functions gi, and that if we repeat the same 
argument starting with a larger interval D [a, 6] contained in M"*", the new operators 

B^ coincide with Bx for A G [a,b]. Covering the positive half- line by compact intervals of this 
type and repeating the same argument on the negative half-line, we find a unique map A i — ?• Bx 
defined for A 7^ and for which (|3.5p holds for every / G SqV. 

Since B is U (n)-equivariant, a repetition of the proof of Lemma 12.21 shows that Bx maps 
^•p.sgnA .^^^ gp ,sgn A gyery a G It is obvious from the smoothness of the coefficients 

cf ^ • that the restricted operators Bx a depend smoothly on A. 

The proof of (ii) is quite obvious. 

To prove (iii), denote by B be the operator on dom (B), defined in (|3.2p . such that iix{Bf) = 
BxTTxif)- It is easy to verify that B is closed and that SqV is dense in dom(i3) in the graph 
norm of B. Since B coincides with B on SqV C SV, B is the closure of B. 
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To prove (iv), assume that B is symmetric. Then each operator -Ba.o- is self-adjoint, hence so 
is ir\{B). If B' is the adjoint of B, taking g in the domain of B' and / € SqV, we have 

{B'gJ-) = {g,Bf) 

/+00 
'OO _ 



OO 

+00 



By the arbitrariness of i^xif) subject to conditions (i')-(iii'), we conclude that 

"+00 



/+00 
Y,\\Bx,.PT^^x{g)\\ls\A''d\<<^ 
-00 „ 



i.e. g G dom(i?), and that 7r\{B'g) = 'K\{B)'n\{g), i.e. B' g = Bg. 

Finally, (v) is proved in a similar way. Q.E.D. 



Consistently with the identity ■K\{m{B)^ = m{Ti\{B)^ , we write 'KX fj{m{B)^ for m{T: \^fy{B)^ . 

Remark 3.3. As a typical instance of operations that will be done in the sequel, consider an 
expression like dA^^. As soon as we find out that the finite-dimensional operators -Kx^u^A.k) 
are invertible and depend smoothly on A (see the next Section), an operator ^ satisfying the 
identity V^A^ = d is automatically defined on 5oA*^ with values in 5oA'^+^ by imposing that 

ttaI^^^) = J^7rA,.((i)7rA,.(Afc)-ip>A(w) • 

cr 

Its closure ^ is defined on the space consists of the w G Li^h^ such that 

/+00 
Y,hxAd>xA^kr^Pa^>^{^)\\Hs\A'"d\ < 00 . 

Notice that formal identities, like 

(i) dA,-i = (dA7)A7; 

(ii) TTxidA^') = 7rx{d)7TxiA^'y, 

(iii) 7rA,a(dA^^) = TTx,a{d)TTX,aiAk^); 

are fully justified on cSqA'^. 

In many instances we will make use of homogeneity properties of operators B as those con- 
sidered in Lemma 13.21 As before, we assume that {V,p), (y',p') are finite dimensional represen- 
tations of U (n). 

We assume that the multiplicative group M+ acts on V by means of the linear representation 
7 : ]R_|_ — )■ L(y) and on V' by means of the linear representation 7' : — )■ Ij{V') such that the 
operators 7(r) and 'y'{r) are self-adjoint, and in such a way that each of these actions commutes 
with the corresponding action of U{n) (on V given by p and on V' given by p'). 
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We also denote by 5r the dilating automorphism of Hn defined by 

6r{z,t) := {r^/'^z,rt), r>0, 
and let M+ act on functions on Hn by the representation 

/3(r)/:=/o5,_i . 
Then B is said to be homogeneous of degree a if 

(3.6) Bo{p(g, 7)(r) = r"" (/? ® j'){r) oB on SqV, for every r > . 

We shall repeatedly use the following lemma, which applies in particular to operators such as 
d, d, dn etc. 

Lemma 3.4. Let (y, p), (y' , p') he finite dimensional unitary representations ofU{n) and let 
/3, 7, 7' he as ahove. 

If B is a U{n)- equivariant, left- invariant operator as in Lemma \3.S\ (i), homogeneous in the 
sense of ()3.6p for some a G M, then 

T^r\SQV' = B{SoV). 

Proof. We just have to verify that 

T^r\SoV' C B{SoV) , 

the other implication being contained in the assumptions. 
The homogeneity of B implies that 

(3.7) 7^x{B) = |Ar (/ ® TTs^nxiB) (I C3 7(1 A|)) . 

Assume in fact that f eSoV. For A / 0, 7rA(/) G L(J", J" ® F) and, by and (lOD . 
(/C5 7(|A|))^A(/) = (/^7(|A|))^sgnA(/3(A)/) =^sgnA((/3®7)(|A|)/). 

Similarly, 

(/ ® 7'(|A|)) TTxiBf) = 7rsg„A((/5 ® 7')(|A|)(B/)), 
and thus, by the homogeneity ()3.6p of B, 

(/0 7'(|A|))vrA(S/) = |Ar7r,g,A(i3((/5®7)(|A|)/)) = |Ar7r3g„A(i3)(/^$7(|A|))vr,(/). 
This yields (l3T|) . 

Since 7 and 7' commute with p and p' , 7 7 respects the decomposition 
in (j2.10p . we have 

(3.8) Bx,a = |Ar (/ ® 7'(|Ar')) SsgnA,. (/ ® 7(|A|)) , 

where i?A,o- = T^\,a{B) : £p^^^'^ — '''^"'^ is the operator defined in (j3.ip . 

We restrict now our attention to A = ±1 and write, for simplicity, B^ instead of B±i a. 
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Since domain and codomain are finite dimensional, we have an inverse : vanB^ — > 
(keri?^)-*- of B^, . Denote by the extension of to S^'^ equal to on (rani?^)-*-. 

l(kerS±)-L 

f € SqV' , define the function Jf by requiring that 

If / G ranS n SqV', then the range of Pa^"^''^'rT\{f) is contained in the range of 7rA,o-(-B). 

Choose < 6 < R such that (i) in the definition of SqV holds for /. Since for 5 < |A| < R 
the functions 7'(|A|) and TdAI""*^) are smooth in A, it is easy to see that Jf G SqV. Moreover, 
applying to g := Jf, we see that TTx{B{Jf)) = irxif), hence / = B{Jf) G B{SoV). Q.E.D. 

Proposition 3.5. Let {V, p), {V , p'), /3,7,7' be as above. Then the following hold. 

(i) If B is a U{n)- equivariant, left-invariant linear operator, homogeneous in the sense of 
(|3.6p . and bounded from L^V to L'^V , then B satisfies the assumptions of Lemma \3.2\ 
(i). 

(ii) Assume that H d L^V is a closed subspace, which is invariant under left-translation 
by elements of Hn, under the action of U{n) and invariant under the dilations {(3® 
7)(r), r > 0. Then 

SqV = {SqV nH)(B {SqV D H^) , 

where SqV H H is dense in H and SqV n is dense in H^. 

Proof. As in the proof of Lemma 13.21 let be an enumeration of the orthonormal basis 

of monomials in T and set Ei^^iF = (F, Let also {cj} and {e^} be (finite) bases of V 

and V' respectively. 

We fix an interval / = [a, b] with < a < 6 and, for every £ G N, a function gi G Sq such that 
T^\{9l) = Eil for AG/. Then B{gi ® Cj) G L'^V' and 

(3.9) TTA {B{ge ® a)) =Y.[Y. ^h'kA^)Eh,k) ® , 

j h,k 

with 4'\ . G for every choice of the indices. Then almost every point A G / is a Lebesgue 

point for ah and for ^^^^ l4',fc,i(^)l^- 

For every / = ^ - fi(^ e-i ^ SqV and for a.e. A G I, 

71"a(/) = '^'^\{{fi* 9i) * {9i ® Ci)) , 

where the sum is finite (say over £ < N). The invariance of B under translations by elements 
(0, t) of the center of implies that B preserves the A-support of the group Fourier transform. 
Therefore, we also have 

Tix{Bf) = ^ VTA (B((/. * ff,) * {g, ® e,))) , 
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for a.e. A G /. On the other hand, * ge) * {ge ® Cj)) = (/j * ge) * B{gi Cj). Hence, for a.e. 

AG/ (say, A G A), 

■^x{Bf) = J2^^{^(9e ^ ei))7rx{fi * ge) • 

i,e 

The same computations in the proof of Lemma 13.21 produce an infinite matrix Cij{\) = 
i'^^i^e h e ^^^^ most N nonzero entries on each row, defined for A G A. Defining Bx by 
p.4p . we have that 

(3.10) TTxiBf) = BxTTxif) , 

for A G A. 

Now, the homogeneity of B easily imphes that, for A, A' G A, 

Bx = (A/A')" (/ 8) 7(A7A)) Bx' {I 7(A/A0) • 

This identity ahows to extend Bx as a smooth function of A to every A > 0. 

Obviously, the same construction can be made for A < 0. Then, for every / G SqV, the 
identity (j3.10p holds for every A 7^ 0, which shows that B^SqV) C SqV. Then Lemma 12.21 and 
the following remarks imply that we are in the hypotheses of Lemma 13.21 (ii). 

In order to prove (ii), let us denote by P the orthogonal projection from L^V onto H. Since 
H is invariant under left-translations, ?7(n)-invariant and dilation invariant, P is a left-invariant 
operator which is C/(n)-equivariant and homogeneous of degree 0. Moreover, by the Schwartz 
kernel theorem, it is given by the convolution Pf = f * K with a tempered distribution kernel 
K taking values in Jj(V,V). We may therefore apply (i) to B := P and conclude by means of 
Lemma m that P{SoV) C SqV, and similarly, (/ - P)iSoV) C SqV. Q.E.D. 



4. First properties of A^; exact and closed forms 

The domain dom(Ao), defined according to Lemma 13.21 is the "left-invariant Sobolev space" 
consisting of those f £ such that Xf, XYf G L'^ for every X,Y G t}n- This follows from 

the boundedness of the operators X{1 + Aq)"^, XY{1 + Aq)"^ [MPRlj . We also recall that 

_ i_ 

the operators XYAq^, XAq ^ are bounded on for every X,Y £ 

For k > 1, we have the analogous description of dom (A^). 

Lemma 4.1. For every k, dom(As.) = H^A^. 

Proof. It is evident from ([02]) that H^A'' C dom (Afc). 

Since Aq = L — T'^, identifying Afc with the matrix ()1.22p we have 



. / Ah - L + e(d9)i(d9) id - id 

Ao, 



Afc = ( ^° : 1 + 



id* -id* Ah - L + i{de)e{de) . 



Ao + P . 
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where P is symmetric on H^A^. By (|1.19p . each entry in P involves at most first-order derivatives 
in the left-invariant vector fields. Therefore, for uj G H^A^, 

\\Puj\\2 < C{\\uj\\2 + \\aIu;\\2) 

<C{\\lo\\2 + \\Aou^\\Im\I) 

< C{1 + e-^)\\u;\\2 + Ce\\Aooj\\2 , 

for every e > 0. By the Kato-Rellich theorem |Ka| . Aq + P is self-adjoint on dom (Aq) = H^A^. 

Q.E.D. 

The following statement is an immediate consequence. 
Proposition 4.2. A^ is injective on its domain. 
Proof. Let uj = ui + 6 A uj2 G dom (A^), with uji,uj2 horizontal. Then 

{AkU},u}) = {Ahuji,uji) + WToJiWl + \\i{d9)u}i\\l + {[d*H,<^{d-(^)] ^2,(^1) 

+ {[i{d6),dH]uJi,uj2) + {Ahuj2,uj2) + \\Tuj2\\l + \\e{d9)u}2\\l . 

Notice that 

{Ahuji,uji) = \\dHU}i\\l + \\dHu;i\\l , 
and the same holds for uj2. Moreover, 

{[d*H,e(de)]u]2,u}i) + ([i(d6'),d/f]wi,W2) 
= 2?R:e{[i{de),dH]uJi,uj2) 
= 23f?e {dHUJi,e{d9)uj2) - 23f?e {i{d9)uJi,d*HUJ2) 
> — lldijo;! II2 — ||e((i6)a;2||2 — II2 — M/i''^2||2 • 

It follows that 

(4.1) {Akuj,uj) > lldWIli + l|d/fc^2||i + llT^illi + \\Tu;2g ■ 

Therefore, if Ai^uj = 0, then Tco = 0. Since tt\{T) = iXI, this implies that irxiu)) = for 
almost every A, and finally that oj = 0. Q.E.D. 

Corollary 4.3. For every A > and a G S^, dn±\^fj{Aj^) is invertible and for every pair of 
elements u,v £ £^ , {'K±\^a{Ak)u,v) is a polynomial in A. For every a > 0, A^" maps SqA'' 
into itself. 

Proof By ||A|a;||2 > ||Tw||2 for every co G 5oA^. This implies that 

||vrA,.(Afc)ie||>|A|||e||, C(^£r\ 
for every A, a with X ^ 0. The rest is obvious. Q.E.D. 
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We call Riesz transforms the operators 

and their adjoints 

Rl = A~h* : ^oA'^+i SoA'' . 
Lemma 4.4. The following identities hold (with the convention that R^i = R2n+i = 0): 



(4.2) R, = A,^,d, Rl = d*A,l 

(4.3) Rk+iRk = RlK+i = , 

(4.4) RlRk + Rk^iRl^^ = I ■ 



In particular, R^Rk-i = 0. 

Moreover, if 1 < k < 2n, Rk_iR*i^_^, Rl.Rk are orthogonal projections on complementary 
orthogonal subspaces of L^A^ and Rk and i?^ are partial isometrics. 

Proof. From the identity dA^ = A^+id on test functions we derive that 

TTX,aid)Tr\,a{Ak) = 7rA,<x(Afc+l)7rA,a(d) 

for all A, cr. Hence 

7rA,a(d)vrA,a(Afc)^^ = TTx,a{'^k+l)~^-^xAd) 

by finite-dimensional linear algebra. In turn, this gives the first identity of (|4.2|) on 5oA^. The 
second identity is proved in the same way. 

Then follows from (g^]) and the identity d^ = 0. 

On ^qA'^, by applying again tta^o- to each term, 

RlRk + Rk-iRl-i = Alh*dAl^ + A7dd*A7 

= A-jAkA-J 
= 1 , 

which gives (|4.4p . 

Since the two summands on the left-hand side of ()4.4p are positive operators, they are L^- 
contractions. Since their sum is the identity and their product is zero by (j4.3p . they are idempo- 
tent. This proves that they are orthogonal projections. It follows that Rk and Rl_i are partial 
isometrics. Q.E.D. 

The following statement says in particular that the cohomology groups of the De Rham 
complex are trivial. 

Proposition 4.5. Let 1 < k < 2n. The following subspaces o/L^A^ are the same: 

(i) the range of R^^iRl^i; 

(ii) the range of R^-i; 

(iii) kerRk,- 

(iv) kerd; 
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(v) rf(cSoAfe'i) ; 

(vi) d(PAfc-i); 

(vii) {to G L^A^ : CO = du in the sense of distributions for some u G D'A*"'^^}. 
We call this space (L^A'^)rf_ex or {L?' K^)d-c\- Similarly, the following spaces 

(i') the range of R^Rk; 
(ii') the range of R'^; 
(iii') keri2*_i; 
(iv') ker d* ; 

(v') d*{SoAk+^) ; 
(vi') d*(PA'=+i); 

(vii') {cj G L^A*"' : w = d*v in the sense of distributions for some v G VA^'^^} 
are the same; we call them (L^A^')rf*_cx or (L^A'^)rf*_ci. 

Proof. Since Rk~i is a partial isometry, its range is closed, and 

ranRk-i = (ker Rl^^)^ = {ker Rk-iRl_i)^ = ranRk-iRl_i . 

This proves the identity of the spaces in (i) and (ii). In the same way one proves the same 
for (i') and (ii'). From Lemma 14.41 we then obtain the orthogonal decomposition 

L'^A^ = raniifc_i © ranii^ . 

But rani?^ = {ker R^)-^, so that rani?(t_i = keri?fc, i.e. (ii)=(iii). 

By Plancherel's formula and Lemma[321 w G ker d if and only if Tr\^a{d)'^x,a{^) = for a.e. A 
and every a. By Corollarv 14.31 and (|4.2p . this is equivalent to saying that 'n'\^a{Rk)'^x,a{^) = 
for a.e. A and every a, i.e. that RkOJ = 0. So (iii)=(iv). By Corollary 14. 3^ d(5oA^~^) = 
Rk~i{SoA^~^) and this implies that (v)=(ii). 

We thus have shown that the spaces (i) - (v) are the same, and the equality of the spaces (i')- 
(v') are proved in the same way. 

In order to prove that the spaces (i) - (v) agree also with the space (vi), we first observe that 
d{VA''-^) C kerd, since = on VA'''^. We thus have d{VA''~^) C Rk-i{L'^A''-^). To prove 
that these spaces are indeed the same, it will suffice to prove that a _L Rj^_i{L'^ A^~^) whenever 
a G L?A^ satisfies a _L d{T>A^~^). But, the latter condition means that d*a = in the sense 
of distributions. So, by Lemma [3?2t a G domd*, and since (iv')=(ii'), we see that a = R^^ for 
some £, G L^A'''^^ This implies that for every Rk-iH G Rk-i{L'^ A^~^) 

{a,Rk-in) = (iifcC, = {^,RkRk-ifJ') = 0. 

We have thus seen that the spaces (i) - (vi) all agree, and in a similar way one proves that the 
spaces (i') - (vi') are all the same. 

The proof that these spaces also do agree with the space (vii) respectively (vii') will require 
deeper L^'-methods, and will therefore be postponed to Section [11] (see Corollarv 111. 3p . 

Q.E.D. 
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Working out the same program for d, d, their adjoints and the box-operators one encounters 
some differences. One simpUfication comes from the fact that □ and □ act as scalar operators 
on horizontal forms of a given bi-degree. 

On the other hand, a complication comes from the fact they have a non-trivial null space in 
for certain values of p or q. It is well known since |FSj that L -|- iaT is injective on if and 
only if Q 7^ ib(n + 2j), j G N, and that it is hypoelliptic under the same restriction. It follows 
from (jl.l9p that □ (resp. □) is injective, and hypoelliptic, on (p, (7)-forms provided that p ^ 0,n 
(resp. g / 0, n). 

For p = 0, Oq = d*d and kerD = keid, while, for p = re, □ = dd* and kerD = ker d* . 
Similarly, ker □ = ker d for q = 0, and ker □ = ker d* for q = n. 

For these values of p (resp. q), we shall denote by □' (resp. □ ) the unprimed operator with 
domain and range restricted to the orthogonal complement of the corresponding null space. 
Notice that the core SqA'P''^ splits according to the decompositions ker 5 © (ker 9)-*-, ker 9® 

(kerO)-*". The negative powers □'~°(resp. ) are then well defined on 5oA^'''' n (kerS)-*- 

(resp. cSoAP''?n(ker9)^). 
By (09)1 



□o = nn 



-{L + inT) , 



Or 



□n 



i(L-mr) . 



We denote by C (resp. C) the orthogonal projection from scalar onto ker(L + iriT) (resp. 
ker(L— ireT)). The same symbols will be used to denote the extension to forms by componentwise 
application. 

Thus, C is the orthogonal projection onto ker 9 when acting on (0, (7)-forms as well as onto 
ker 5* when acting on (re, g')-forms, and C is the orthogonal projection onto ker 9 when acting 
on {p, 0)-forms as well as onto ker d* when acting on {p, re)-forms. 

Regard 9 as a closed operator from L'^A^''^ to L^A^+^''^. The holomorphic Riesz transforms 
are defined on SqA^'*^ (with values in SqA^^^''^) by 



(4.5) 



TZr, 



5n;^ = Dp+i 



^ d 



V-c) 



kg 



for 1 < p < n — 2 

_ 1 

□-^ ^ 9 for p = , 

for p = n — 1 . 



We observe that, is all cases, 
(4.6) 



/Vpl — \p 



d 



The adjoint operators TZ* from SqA^'^^''^ to ^qA^''' are 
(4.7) 



TZ* 



for 1 < p < re — 2 , 
for p = , 



t a^Iid* = a*n'„ ^ (/ - c) for p 



re 



1 
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The analogues of ()4.3p and ()4.4p are 

(4.8) n;np + 7^p_l7^;_l = / , (i < p < n - 1) 

TVqR,q = I — C , T^n~lT^n—l = I ~ C . 

Proposition 14.51 has the following analogue. 

Proposition 4.6. For < p < n — 1, the following subspaces o/L^A^''^ are the same: 

(i) kerTZp; 
(a) ker(9; 

We call this space (L^AP'5)a_ci. 

For 1 < p < n, the following subspaces of L^A^''' are the same: 

(Hi) the range of TZp-iR,*p_i; 

(iv) the range ofTZp-i; 

(v) 5(cSoAP-i.'?). 

We call this subspace {L'^A^''^)q_cx- 

Forl<p<n-l, (L2AP''')a-ci = (L^AP'^..^. 

Similarly, for 1 < p < n, the following subspaces of L^A^''' are the same: 
(i') ker7^;_l; 
(iV) ker(9*; 

and we call this subspace (L^AP'^)g._ci. 

For < p < n — 1, the following subspaces of L'^A^''^ are the same: 

(Hi') the range ofTl*TZp; 
(iv') the range ofTZ*; 
(v') d*{SoAP+^'i); 

and we call this subspace (L^AP'^)g._ex. 

Finally, for I < p < n - I, (L^AP''?)^..,! = {L^AP'%,.,,. 

We also set {L^A%)q_,x = Ep+,=fc(^'A^)9-ex etc. _ 

The antiholomorphic Riesz transforms TZq and their adjoints TZg are defined by conjugating 
all terms in (|4.5p and (|4.7p respectively, and replacing p hy q. The analogue of formula (|10.3p 
also holds true for all q 

(4.9) TZpal =nl^{JZq = d . 
The rest goes in perfect analogy with the holomorphic case. 

Definition 4.7. On (p, g')-forms, we also define the operators 

Cp = I- nplp , Cq = I- %nq , for < (7 < n - 1 , 

C'li = I = Cn- 

Notice that, by (gS]), Cp = 7^p_l7^;_l for 1 < p < n - 1, and similarly Cq = for 
1 < g < n - 1. 
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The following statements are obvious in view of Proposition 14.61 

Lemma 4.8. Cp is the orthogonal projection of Lp'AP''^ onto the kernel of d, and Cp is the 
orthogonal projection of L^A^''^ onto the kernel of d, 
Moreover, if co £ SqA^''^ , with 1 < p < n — 1, then 

CpUj = if and only if w G d*{SQAP+^^i) if and only if d*oj = 0, 

whereas for p = 0, 

Cqo; = if and only if a; G 3*(5oAi''J), 

and for p = n, 

C„ w = if and only if u = Q. 
Analogous statements hold for the operators Cq, if we replace p by q and conjugate all terms. In 
particular, Cq = C, Cq = C, and d*uj = whenever CpUJ = 0, and d*uj = whenever CqUJ = 0. 

Given a horizontal fc-form uj = ^p_|_q=/j uipq we finally set 
(4.11) ^P^P*?' 

and Ceo = CqUJpq. 

p+q=k p+q=k 



5. A DECOMPOSITION OF L^A^ RELATED TO THE d AND d COMPLEXES 

In this section, we shall work under the assumption that < k < n, as this turns out to be 
more convenient in view of the Lefschetz decomposition described in Prop. 2.1 of [MPRlj . The 
case where k > n can be reduced to the case A; < n by means of Hodge duality, as will be shown 
later in Section El 

Our starting point in the spectral analysis of is the decomposition obtained in Proposition 

[33] 

(5.1) L'A'^ = {L^A'^U-c. © {L^A%*.,, . 

Since dA^-i = A^d for all k > 1, using the results from |MPRlj for Ai, we can lift the decom- 
position of L^A^ into Ai-invariant subspaces and the related spectral properties to (L^A^)rf_ex- 
Therefore, inductively we analyse the (L^A'^)rf_cx-component in the decomposition of L'^A^ by 
means of the preceeding step. 

Thus, we are led to study the (L^A'^)rf._ci-component in the decomposition of Li^A^. 

By ()1.2ip we can characterize the -closed forms. Notice that, \l oj € SqA^ , oj = oji + 9 /\ 0J2 
with a;i,a;2 horizontal, then 

oj G [SqA^^ if and only if UJ2 = T~^d*uUJi . 

In fact, if ijJ2 = T~^d*^ijJi, then the second equation i(d9)uji — d*^ijj2 = arising from in p.2ip 
follows from the first one. 
Hence, if we set 

(5.2) $(w) = a; + ^ A T^^dJ^o; 
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we obtain an isomorphism 

Notice that, because of the invariance of 6 and the equivariance of d^, $ commutes with the 
action of U (n). 

Clearly, Aj^ maps a subspace V of (5o^'^)d*-ci into itself if and only if the (non-differential, 
see ()5.17p below) operator 

(5.3) A- :=^"'Afc$, 

maps W = C 5oA^ into itself. 

For this reason, we begin by decomposing 5oA^ into orthogonal subspaces which are invariant 
under and on which Dk takes a simple form. 

5.1. The subspaces. 

The decomposition is based on the following lemma. 
Lemma 5.1. Every uj G SqA^ decomposes as 

(5.4) UJ = oj' + d^, + drj , 
where £ SqA^^ , and uj' € SqA'' satisfies the condition 

(5.5) d*uj' = d*uj' = . 

The term uj' is uniquely determined, and we can assume, in addition, that 

(5.6) Cp^iC = Cg^iT] = . 

Notice that, even with the extra assumption (j5.6p . ^ and rj are not uniquely determined. 

Proof. Assume that a; is a {p, g)-form. If p = 0, we obviously have the decomposition uj = uj'+drj, 
with d*uj' = 0, and d*uj' = holds tivially, since uj' is a (0, q)- form. A similar argument applies 
if g = 0. 

We therefore assume that p,q > 1. Consider the homogeneous {7(n)-equivariant differential 
operator 

{d B) : Q ^d^ + Bii , 

acting from L'^iAP'^'") © L'^{AP''i-^) to L^A^'" and its adjoint 
In L'^AP''^, we have 



fd*\ 

ran {d d) = ran d + ran d , ker ( ^* 1 = ^* ^ ^* 

so that 

L'^AP'I = (ker d* n ker B*) © (ran 5 + ran 9) . 

Moreover, 

(B 5)(5oAP-i''? © 5oAP'«-i) = 95oAP-i'9 + BSqAP''^-^ , 
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SO that, by Lemma 137 

SqAP'I = (ker d* n ker B* n SqA^''^) (dSoAP-^'i + BSqAP''^-^) . 

This gives the decomposition (j5.4p . By orthogonaHty, the two terms u' and + drj are 
uniquely determined. Since Cp_i and Cg-i preserve 5o-forms, we can replace ^ by (/ — Cp-i)^ 
and r/ by (/ — Cq-i)rj, without changing the equality. Q.E.D. 

Observe that the decomposition (j5.4p . without the extra assumptions on ^ and r/, can be 
iterated, so to obtain in a next step that 

uj = uj' + die + dai + + Birj' + 5a2 + 5/?2) 

= + 9^' + + dBPi + 99/32 , 

where now each of the primed symbols represents a form satisfying (jS.Sp . If w is a horizontal 
A;-form, the iteration stops after k steps, leaving no "remainder terms". 
We are so led to introduce, for each m < k the spaces of forms 

(5.7) CO = ^^_BBB^ + ^^_BdBri , 

m-tcrms m-tcrms 

with r/ G ^oA^"™ and B*^ = B*^ = B*rj = B*r] = 0. 

It is convenient to observe that in a sequence of at least three alternating 9's and (9's, we can 
replace a product BB or BB by = —T~^e{d6). Since preserves 5o-forms, the form oj in 
(j5.7p can thus be written as 

^ ~ \e{deY{BB^ + BBrj) if m = 2£ + 2 . 

Definition 5.2. We set 

W^''^ = {uj€ SoAP'^ : B*u = B*uj = 0} , 
M/f '9 = {co = dC + Br] -.Ct] e W^'''} , 
= {oj = BBi + BB7] : W^''^} . 

For ^ G N and j = 1, 2, we set 
We also set 

= ^0 = {w G 5oA^ : B*uj = B*oj = O} , 

p+g=k 

and, for j = 1,2 and £ G N, 
and 

whenever k > j + 21. 
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The symbols W^^, Wj''^, etc. denote the L^-closures of the corresponding spaces , Wj' 
etc.. 

We wish to characterize which spaces among the Wq''^ and W^f are non-trivial. 

' 



Proposition 5.3. Let < k < n and p + q = k. Then Wq'"^ is trivial if and only if k = n and 
1 < p, g < — 1- 

Proof. We show first that Wq''^ is non-trivial for p + q < n — 1. In order to do so, it is sufficient to 
prove that, under this assumption, there is a non-zero /3 G 'Pi(g)A^'^, with Vi = span {wi , . . . , Wn} 
as in (j2.6p . such that 

Md*)(3 = 7ri{d*)(3 = . 

From this it will easily follow from (|1.10p and (|2.8p that 7rx{d*)P = ■nx{d*)l3 = for every 
A > 0. 

Let uo G A^''^ be such that tt\{oj) = x{^)Pp^ where x is a smooth cut-off function with compact 
support in (0, +oo) and Pp is the orthogonal projection oi T ® A'^''^ onto C/3. Then w G SqA^''^ 
and d*uj = d*ui = 0. 

Take 



/3 = (^{-lywj C A • • • A A • • • A Cp+i) A 



where I' = {p + 2, . . . , p + q + 1) . Then, writing h = (1, . . . , j, . . . ,p + 1) we have 

p+i 



1 r-'^^ 

7f E^-l)^ [E(-^)^~^^^^i Cl A • • • A CM • • • A A • • • A Cp+i 



P+l 

+ E Cl A • • • A A • • • A A • • • A Cp+i] A C^' 

e=j+l 

. 



Next, since tti^Zc) = V^d^e we have 

TTi 



^, J' 

since j ^ /', so that d^^Wj = 0. 

This shows that Wq'"^ ^ {0} when p + q < n — 1. 

Next, consider VFg"'". Take /3 = Ci A • • • A Cn G ® A"'°. Clearly 7rA((9*)/3 = for every A / 0, 
while 7rA((9*)/3 = for A < by (fTTOD and As before, this implies that VFg"'" / {0}. 

Finally, consider ^'^ , with 1 < s < n — 1 and let oj G PVj]^ Since □ is injective on this 
space and 5*;^ = we have 
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Similarly, since d*uj = 0, 

CO = d*dn~^uj = d*dU~^d*v 
= d*dd*{n -iry^v = d*d*{-d(^-iTy^v) , 

i.e. 

(5.8) uj = d*dy , 
for some fj,. But d*uj = if and only if 

= d*d*{d*fi) = {d*d* + d*d*){d*n) = Ti{de){d*fi) . 
It follows that, if is as in (|5.8p . then u = d*d*fi G Wq'"~* if and only if 

(5.9) i{de){d*fi) =0 , 
i.e. d*iJ. G ker i{d9). 

Therefore, d*iJ, E 5o ^ ker^s,n-s+i i{d6)^ . Since max{0, s + {n — s + l) — n} = max{0, 1} = 1 > 0, 

according to Prop. 2.1 in in [MPRlj . we have ker^^.n-s+i i{d9) = {0}, that is, d* ^ = 0; hence 
w = 0. Q.E.D. 

Proposition 5.4. Assume that j = 1,2. Then the space Wjf is non-trivial if and only if 
i + j+ p + q<n. In this case, e{d9Y is bijective from Wj''^ onto Wjf. 

Proof. We first prove the "only if" part. Observe that W^''' and Wf''^ are in the kernel of i{d9), 
which is immediate from (jl.l2p and (|1.14p . 

In order to prove the statement for j = 1, we set (p, q) = (p+ 1, q) or (p, q + 1). By Prop. 2.1 in 
[MPRlj we know that e{deY (ker i{de)\ ^ . is non-trivial if and only if max{0,p+q+2i—n) < i, 
that is, £ <n-p- q. Since Wf''' C L^A^+i'? + L^A^'^+i it follows that W^f'/ can be non-trivial 
only when i<n— p— q — 1. 

To prove that e{d6Y is injective on W^''^ under this condition, we show by induction on i that 
e{ddY is injective on ker i{d9)\^. , when £ < n — p — q = n — p — q — 1. The case ^ = is trivial. 
And, by ()1.16p we see that for £ > 1 when acting on (p, g)-forms 

[i{d9), e{d9Y] = Y,<d^TWO)^ e{d9)]e{d9Y~^'^ 

iy=0 

e-i 

(5.10) =Y^^n-p-q-2i + 2 + 2u)e{d9Y-^ 

iy=0 

= £{n - p - q - i + l)e{d9Y~^ 
= £{n - p - q - i)e{d9Y~^ , 

which allows to prove injectivity of e{d9Y on kev i{d9)^^. . from injectivity of e{d9Y~^ under the 
assumption on £. 
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We now turn to the case j = 2, which requires a more refined discussion. Let us set 

rP''^ = lyf^ n ker ^2AP+.+2. 

We claim that '"^ decomposes as an orthogonal sum 

(5.11) W^'" = KP'''®e{de)W^'''. 

It is obvious by (jl.l2p that e{d9)WQ''^ C Wf"^, and clearly the two subspaces on the right-hand 
side are orthogonal. 

Assume that uj = dd^ + Bdi] G Wf''', with ^, r/ G W^'''. Then 

i{de)Lo = i{Drj - no G Wq^'^. 
Indeed, by (frT3|) and (fT^OD we have 

i{de) {ddC + Bdi]) = T-^d*H^ {ddi + Bdi]) 

= T-^{-d*dUi + B*UB£, + d*Udr] - B*BDrj) 

= T-^(-nn^ + (□ - iT)nC + (□ + iT)n?7 - DDt]) 

= i{Dr] - no . 

We have seen that i{de)W^''^ C W^'"^, and therefore co G VFf'" n {e{de)W^''^)-^ if and only if 
Lo G RP'". This proves (fmi) . Let us set K^'J = e{deYKl''^. Then 

(5.12) W^'J = Kl^J e e{deY+^w^^\ 

and this decomposition is again orthogonal. 

Indeed, if w G \BT{i{d9)) and o" is a form orthogonal to uj, then for every ^ > 1 

{eidOYuj, eidOfa) = 0. 

For, by ()5.10p we have 

i{de)e{deYuj = aeidey-^Lo , 
which implies, by induction on i, that 

{eideYcj, eideYa) = {i{de)e{deYuj,e{def-^a) = . 

In order to prove the statement in the lemma for j = 2, using the orthogonal decomposition 
in (I5.12P we may now argue as before by means of Prop. 2.1 in [MPRl] in order to see that VFf/ 
can be non-trivial only if £ < n — p — q — 2. Moreover, to verify that e{d9Y is injective on 1^1'''^ 
under this condition, it suffices to check injectivity on each of the subspaces on the right-hand 
side of (jS.lip . But this can be done by the same reasoning that we used for the case j = 1. 

For the "if" part, assume again that p + q + j + I < n and j = 1,2. Then, p + q < n — 1, 
so that Wg^'" / {0} by Proposition [Ol Then Wp" / {0}, and by the first part Wlf / {0}. 

Q.E.D. 
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Lemma 5.5. For ^ G W^''', 



(5.13) 



and 



d*e{d6fdi = eidOfUi + ite{def^^ddi 
d*e{d6fdi = 

d*e{deYdi = eideyUi - ile{def-^ddi 
d*e{defdi = , 



(5.14) 



d*e{defddi = -e{defdUi 
d*e{deYddi = e[defd{Ui - i{i + 1)T)^ 
d*e{deYddi = -e{defdUi 
d*e{deYddi = e^defd^pi + i{£ + 1)T)^ . 

Proof. Since [d*,e{d9)] = id commutes with e{d9) (compare (jl.l4p . (jl.l5p ) and similarly for d* , 
we obtain by induction that 

(5.15) [d*,e{deY] = ildeidOy-^ , [d*,e{d9Y] = -Ude{ddY~^ • 

We verify the first identity in (|5.13p . the others being similar and following by invoking also 
(frT2]l and ^jUM : 

d*e{d9Ydi = e{deYd*di + iide{deY~^dC 
= e{d9Ya^ + iie{d9Y~^ddC . 



Q.E.D. 



This immediately gives the following inclusions. 
Corollary 5.6. For £>!, 

d*Wf;! c W^l, , d*Wi'J C Wf'J , 

and similarly for d* . 

Proposition 5.7. L^A^ decomposes as the orthogonal sum 



p+q=k j,£.p.q 

p+q+j+2e=k 



l+2e<k 2+2e<k 

We recall that W^''^ is non-trivial for p + q < n — 1, and if p + q = n for pq = 0. 

Proof. We have already shown that SqA^ is contained in the sum of the subspaces on the 
right-hand side. It is then sufficient to show that any two cSo-forms belonging to two different 
subspaces are orthogonal. 

It is quite obvious that Wq''^ is orthogonal to Wq if {p, q) ^ {p' , q'). 
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The fact that VFg is orthogonal to Wj^^ for j = 1, 2 is a consequence of the fact that Wq C 
ker d* H ker d* , whereas C ran d + ran B. 

To prove the remaining orthogonahty relations, we shall proceed inductively. For this purpose, 
it will be convenient to represent the elements of Wjg in the form (j5.7p with m = j + 2£, and 
rename, for the purpose of this proof, Wff as Wm'^ if m = j + 21. Given m > m' > 1, there are 
three kinds of scalar products to consider, 

{dd^a, dd^ a') , {dd^a, dd^ a') , (^^^'^^^')' 

m-tcrms m'-terms m-tcrms m'-tcrms m-terms m'-terms 

with a € VFq and a' G . In the first case we have 

{dd^a.dd^a') = {B^a,d*dd^a') . 

m m' m—1 m' 

By Corollary 15.61 this is the scalar product of an element of W^l^ with an element of W^,''^^. 
By induction on m' , this shows that Wm'' -L ^m'"' unless p = p' , q = q' , m = m' . 

Q.E.D. 

We discuss now to what extent the pairs (^, tj) £ Wq''^ x Wq''^ provide a parametrization of 
the spaces Wff for j = 1, 2. 

Lemma 5.8. Given ^ £ Wq'"^ , there exists a unique ^' E Wq'"^ such that 9^ = 0^' and Cp^' = 0. 
An analogous statement holds for d in place of d. 

Proof. The case p = n is trivial - here ^' = 0. If 1 < p < n — 1, then by Lemma 14.81 we have 
e = i. 

There only remains the case p = 0, where Co = C is the orthogonal projection onto the kernel 
of □ (which in this case agrees with ker 9). This is a self-adjoint operator, so that, by Lemma 
[331 5oA°''' = (ker □ n SqA^''^) (ran □ n 5oA°'''). The commutation relation d*U = (□ - iT)d* 
from (|1.20p then implies that the two subspaces in this decomposition are mapped under d* to 
ker(n — iT) n iSoA"'*? and ran (□ — iT) n iSqA*^''', respectively. This shows that 

d*ei = Pd*C = 0, 

where P denotes the orthogonal projection onto the kernel of □ — iT. Then ^' = (/ — C)^ has 
the desired properties. Q.E.D. 

Set 

(5.16) XP'" = {C G Wq^'^ : CpC = 0} , Y^'" = {r? G W^;''' : Cgi] = 0} , Z^'" = X^''' x F^'^ . 

In combination with Proposition 15.41 the previous lemma implies that the spaces Z'^''' provide 
parametrisations for the spaces Wff : 



Corollary 5.9. Assume that j = 1,2 and p + q + j + i< n. Then the maps 

/p,<i 

21 ' 



e{dey{d B) z^'^ wf^j, (e, ??) ^ + Br^, 

e{def{dB dB) : Zf'^ Wll, (C, r/) ^ BB^ + dBr] 
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are bijections. Notice that this applies in particular to the spaces W^f appearing in the orthogonal 
decomposition of L'^A'j^ in Proposition \5. 7| under the assumption k < n. 

Remark 5.10. Recall that, by Lemma HTSl 

'Wg^'^ ifl<p<n-l, 
XP''i = < {0} if p = n , 

G 5oA°'« : = 0,9*^ = 0} ifp = 0. 

By the proof of Lemma 15.81 the latter space is indeed nothing but (/ — C)Wq''^. 

Analogous statements hold true for Y^'"^. Finally, notice that the spaces Z^'"^ are non-trivial 
a p + q < n — 1. 

5.2. The action of Afc. 

Let $ be the bijection ([O) from 5oAf^ onto (5oA'')d*-ci, and let Dk = $~^Afc$ be the 
operator in (j5.3p . 

For Lo G 5oA^, by (fr22|) we have 

DkLo = {Ah -T'^ + e{d9)i{de))io+ (r-^[dj^, e(d0)]d^)w 
^^■^^^ = {Ah-T'^ + T-^d*He{d9)d*H)u} . 

The following identities are easily derived from (I1.12p . (I1.14p and ()1.15p : 

De{de) = e{d9){n - iT) , 

(5.18) Ueide) = e{de){n + iT), 

[Ah, e{d9)]=0. 

It follows from (|1.19p that, when acting on /c-forms, 

(5.19) a-n = i{n-k)T . 

Lemma 5.11. The following identities hold 

(i) DkcidO) = e{d9)iDk-2 + n-k + l); 

(ii) Dkcidey = e{dey{Dk-2i + iin-k + £)), for I > I. 

Proof. By (fTTi]) . (fTTTS]) and (fSTTT]) . (fSTTS]) . when apphed to a horizontal {k - 2)-form, 
Dke{d6) = e{d6){AH-T^) + T'\d*He{d9)f 

= e{d9){AH - T^) + [e{d9)d*H + i{d - d)f 

(5.20) = e{d9)Dk_2 + iT-^e{d9) {d*H{d - 8) + {B - d)d*H) - P-^B - df 
= e{d9)Dk-2 + iP~^e{d9){n - □) - e{d9) 

= e{de){Dk-2 + n - k + I) . 
Identity (ii) now follows by induction. Q.E.D. 

Proposition 5.12. The suhspaces Wq''^, ^ifi ^2 'e '^^^ invariant under the action of D^. 



HODGE LAPLACIAN ON THE HEISENBERG GROUP 



35 



Proof. If w G Wq'"^, then d*jjUJ = and therefore 

(5.21) Dkoj = {Ah - T^)uj = (Aq + i{q - p)T)uj , 

by ()1.19p . where Aq denotes the scalar operator L — T^. The last expression shows that D^UJ is 
a {p, q)-iorm, and the previous one that (f^DkUJ = 0, by (ll.20p . 
By Lemma I5.1H when j = 1, 2, it suffices to take i = 0. 

Take now u £ W^, oo = + Bt], with d*^ = d*^ = d*r] = d*r] = 0. We have 

Dkuj = {Ah - T2 + T~^d*He{d9)d*H) {d^ + Br]) 

= B{Ah -T^ + iT)i + B{Ah - r2 - iT)r] + T-^d*He{d9)d*H{BC + Brj) 

= d{AH -T^ + iT)i + B{Ah -T^- iT)i] 

(5.22) + T~^d*He{d9)DC + T'^ d*He{de)U'q 

= d{AH-T^ + iT)i + B{Ah-T^- iT)i] + T-^{iB - iB){ni +Ur]) 
= B{{Ah -T'^ + iT- iT-'^D)^ - iT-^Ur]) 

+ B{{Ah -T"^ -iT + iT-^U)i] + iT-^UC) . 
Therefore, Dk{dS, + Bi]) = d^' + Brj' , where 

C' = {Ah -T'^ + iT - iT-'^D)C - iT-'^Urj 
ri = {Ah -T"^ -iT + ir^^O)r? + iT~'^DC , 

that is, 

D,{B B) = {a B)i^ AH-T^-^T + ^T^^^) 

(5.23) ^ ^ 

= {a B) 



Using the commutation relations (jl.20p we see that 

Therefore, also Wi is D^.-invariant. Moreover, if ^ and r/ are (p, g')-forms, so are i^' and r/', hence 
each Wf''^ is D^-invariant. 

Finally, take w G W|, w = BB^ + BBr], with d*^ = B*^ = B*r] = B*r] = 0. We first compute 

d*He{de)d*HBB( = d*He{de){-Bn^ + ndO 

= e{de)d*H{-Bn^ + ndO + i{B - B){-Ba^ + ndO 

= e{d9){-nDC + B*ndO + i{BBD^ + BUdO 

= e{d9){ -DDC + {a + iT)n^) + i{dBnc + BB{n + iT)C) 

= iTe{de)D^ + idBO^ + iBa{n + iT)^ 
= iBB{-\J + n + iT)S, 
= (?i -k + l)TBdi , 
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by (jS.lOp . since ^ is a (A; — 2)-form. Similarly, 

d*He{d9)d*Hddrj = {n - k + l)Tddr] . 

Therefore, 

(5.24) DkUJ = {Ah -T"^ + n-k + l)uj . 

As before, ()1.20p implies that D^uj G WJ^ , and each subspace is mapped into itself. 

Q.E.D. 

5.3. Lifting by 

Denote by V^'", Vff, etc., the subspaces ^{W^''^), ^{Wl'J), etc., of {L'^K^)d*-c\- We want to 
show that their closures Vq'"^, Vj^'J, etc. give an orthogonal decomposition of {Li^ A^)(i*-c\- 

In a way, this is not a priori obvious, because $ is not an orthogonal map. The fact that 
it preserves the orthogonality of the subspaces we are working with is quite peculiar. On the 
other hand, the reader may have noticed already an instance of this peculiarity in the fact that a 
non-symmetric operator such as Dk admits a rather fine decomposition into invariant subspaces 
which are orthogonal. 

Proposition 5.13. For < k < n we have the orthogonal decompositions 

p+q=k<n j,£,p,q 
p+q=n,pq=0 i=l,2 

P+q+j+2i=k 

where each of the subspaces Vg''', Vj'|' is non-trivial and Ai^-invariant. 

Proof. Since <^ is a bijection from SoA'j^ onto (5o^'^)d*-ci) it follows from Proposition 15.71 that 

p+q=k<n j,£,p,q 
p+q=n,pq=0 i=l,2 

p+q+j+2e=k 

Hence it remains to show that this decomposition is orthogonal. By (|5.2p . this amounts to 
proving that 

d*H{Wlf) ± d*H{wfrj!) whenever WfJ ^ wfrj!. 

This, in turn, is an immediate consequence of Corollary 15.61 and Proposition 15. 7[ Notice that 
d*HWr = {0}. 

Q.E.D. 
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6. Intertwining operators and different scalar forms for 

Following the decomposition of L^A^' described in the previous section, we continue assuming 
< < n. 

In this section we describe the form that A^ attains on each of the subspaces of the decom- 
position ()5.25p of {L'^A^)d*-c\- In particular, we will show that, up to conjugation with invertible 
operators, A^ acts on Vq''^ and on each V^^f as a scalar operator. For V^f instead, a further 
splitting will be necessary in order to reduce A^ to a scalar form in a similar way. 

In the process, we will also describe the intertwining operators that reduce A^ to such scalar 
forms. 

6.1. The case of V^'''. 

The simplest case is the one of Vq''^, because $ acts on this space as the identity map and we 
already know by ()5.2ip that = Aq + i{q — p)T. Hence, in this case A^ is itself a scalar 

operator and we simply have the following 

Proposition 6.1. Let p + q < n — 1 or, pq = if p + q = n. Then, on Vq'"^ , 
(6.1) Ak = Ao + i{q-p)T . 



When we pass to j = 1,2 we want to express A^ in terms of the parameters {(,,ri) in the 
definition of Wjf which we can choose from the parameter spaces Z^''^ = X^''^ x Y^''^. 

6.2. The case of V^f. 

According to Corollary 15.91 we can write 

(6.2) = {oj = e{deY{ddi + ddr]) : (C, r/) G Z^'"}. 

Recall from the discussion in Section U] and the definitions of X^'^ and y^'*^ (see ()5.16p ) that □ 
is injective when restricted to X^''^ and □ is injective when restricted to y^'"?. 

Proposition 6.2. Let Aa,^ = $e(d6')^ {dd dd) : Z^'^ V^f. Then, A2,e is injective on ZP''^. 
The operator Afc restricted to the subspace V^^f is given by the following expression: 

(6.3) Am =A2,e(Ao + i{q-p)T + {e + l){n-k + i+l))A-l. 



Proof. By Corollary 15.91 it follows at once that A2/ is injective on Z^''^. 
When k = p + q + 2 + 2£, from Lemma 15.111 we have 



Dke{def = e{deY[Dk-2t + i{n - k + i)^ . 



Moreover, by ()5.24p we know that Dk-2e, when acting on W2''', is given by Aq + i{q — p)T + n ■ 
(fc - 2£) + 1, so that on Wf 

(6.4) Dke{deY = e{deY(Ao + i{q-p)T + {l + l){n-k + l + l] 
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By the definitions of ^ and V^^^*^, and the commutation relations (jl.20p . this proves (j6.3p . 
Q.E.D. 

6.3. The case of Vf f. 

We now turn to the case j = 1. In this case the situation is quite more involved, as we 
already observed in the case of 1-forms, see [MPRlj . Let us begin by recalling that according 
to Corollary 15. 9^ we can write 

(6.5) Vrff = {uj = e{def{di + Brj) : (tv) e ^^'"j- 

Consider the subspace Vff = ^{Wff). 

- □ \ 

Our next goal will be to formally diagonalize the matrix ( □ + / ^PP^^^^'^S ™ 

formula (|5.23|) . This matrix operator is acting on column vectors corresponding to pairs 

r?) G XP'i X YP'i = ZP'i, where p + q + 1 + 2i = k. We put 



(6.6) s ■.= p + q = k-2e-l . 

Notice that < s < n — 1. 

We define the operator matrix Q acting on ( ^ ) by 



(6.7) Q 



-Qt -q; 
QX Q- 



where, for e, 5 = zt, the expression of Q| is 

Q| = r + em - 5iT 

where 

n — s 
m = — z — , 

(6.8) 



r = y^An - T2 + 



m 



2 



Observe here that the operator A// — T^+m^ satisfies the estimate A.H — T'^+m'^ > m? > 1/4, 
so that it has a unique positive square root. 
The following identities are easily verified: 



(6.9) 



smce 

(6.10) a-iniT = n + imT =^Ah. 





:Qz 


= 2U 








Q'- 


:Q+ 


= 20 








Ql 


:Q+ 


= 2 [□ - 


-iT{m + T)\ 


= 2p- 


+ iT{m - r)] 


Q: 




= 2[n - 


- iT{m - r)] 


= 2[0 - 


+ iT{m + r)] 
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Lemma 6.3. If p + q < n — 1, then the following properties hold true: 

(i) The operator matrix Q : SqA'P''^ x SqA^''' — )• SqA^''' x ^qA^''^ is invertible, with inverse 



Moreover, Q maps the subspace Wq'"^ x Wq'"^ bijectively onto itself. 
(ii) If p = 0, then QZC = CQZ = 0, and if q = 0, then Q^C = CQ'^ = 0. 

Proof. To prove (i) , we compute formally the determinant of Q and find by (j6.9p that det Q = 
— 4irr . The formula for is now obvious. Notice also that the operators Q| leave the space 
Wq''^ invariant. The remaining statement in (i) is now clear. 

As for (ii), notice that if p = then C projects onto the kernel of 9, which coincides 
with the kernel of □. And, on kerD, by (IG.lOh we have A// = —2imT > 0, so that T = 
\/—2imT — + 771^ = m — iT, and hence QZ = on ker d. This implies CQZ = QZC = 0. The 
remaining identities in (ii) are proved analogously. Q.E.D. 



(6.11) = XP''? n = {e G Wq^'^ : = = 0} , ZP'" = Wo^'^ X HP'" . 




We set 



Lemma 6.4. 




Proof. It suffices to show that 




since QiW^'" x W^''^) = W^''^ x W^;'". 

We have H^''' = {I — Cp — Cg)VFQ which means that it suffices to show that 





'V ' 



Q.E.D. 



Lemma 6.5. Let 



(6.12) 




be the matrix appearing in formula (j5.23p . Then, —iT admits the diagonalization 
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Proof. In order to formally compute the eigenvalues X± of —iTG, observe that the characteristic 
equation for G is 

- T [□ - □] + [□ + □ - r^] = , 

which has roots 



T± = imT ± ^J-T"^ [□ + □ - r2 + m2] = iT{m ± V) . 

Therefore, 

□ - r2 - iT{m ± r) □ 

-□ -□ + T2 - iT{m ± T) 



G-T±I 

and, by WT^ . 



+ 2 \-QtQZ -QtQl 



and analogously. 



(6.13) Q+ = ( , Q- 



These equations show that eigenvectors of G of eigenvalues t± are given, respectively, by 

QX) ' ^~ = {q: 

so that 

Q={Q^\Q~) 

is indeed a matrix which formally diagonalizes —iT~^G as claimed. Q.E.D. 

Recall now from (16. 5|) and the definition of V^f that if we define the operator Ai^i : (VFq''^)^ — ?• 
L^A'^ as 

then Ai^^{Z^''^) = Vff. Observe also that Lemma 16.41 shows that we may realize Z^'^ in this 
identity as the space Q{Z'P'^) and use Z^''^ as a parameter space for V^f. This has the advantage 
of reducing the operator Dk in (I5.23P to diagonal form. 

We therefore define the modified intertwining operator Ai,i by 

(6.15) Ai,, := Ai,,g| : Z^'" ^ . 
By ()5.23p . Lemma 15.111 and Lemma 16.51 we have 

(6.16) AfcA,, = ^i,,(A/,-r2+£(n-A: + £)+ (^"' + ^ ^ ° 
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This suggests to further introduce the operators ^ acting by 
(6.17) Al,i = Ax^i = ^i,^Q+e , A\,^ = Ax^t Q = Ai,,Q"r/ , 

with as in (j6.13p . The following proposition is then immediate. 
Proposition 6.6. The space Vff decomposes as the direct sum 

vrf = At/wr) + A-/EP'^) . 

Moreover, the linear mappings 

Al, : ^ AUW^, Al, : ^ AUrP^^) 

are bijective, and the following identities hold, on W^''' and rP''^ respectively: 

Afc^+^ = L-T'^+i{q-p)T + l{n-k + e)+m 

+ ^/ L - T"^ + i{q - p)T + m"^ , 
{A^^y^AkAlf^ = L-T"^ + i{q-p)T + £{n-k + £)+m 

- ^JL-T"^ + i{q-p)T + m? . 

Define 

(6.19) Vff+ = ^+,«''^) , Vff- = ^r^(Hf'^). 



(6.18) 



It should be stressed that up to this point we have not yet shown that the subspaces Vj^^ 
and V^f~ are mutually orthogonal. This fact will be a consequence of the analysis of the 
intertwining operators of the next section, see Lemma 17.61 



7. Unitary intertwining operators and projections 

The intertwining operators for that we have defined in the previous section where non- 
unitary and unbounded. In order to verify that the forms to which A^, when restricted to the 
subspaces V^''^ ,Vff'^ and V2f, had been reduced on the corresponding parameter spaces by 
means of the formulas (j6.ip . (j6.18p and ()6.3p are indeed describing the spectral theory of A on 
these subspaces, we need to replace the previous intertwining operators by unitary ones. Our 
next tasks will therefore be the following ones: 

(1) replace these intertwining operators with unitary ones; 

(2) determine the orthogonal projections from L?A^ onto Vq''^, V]''^'^ and Vg'^, the L^- 
closures of the invariant subspaces Vq''^ ,V^f'^ and V^f- 

These two tasks can be accomplished simultaneously by making use of the polar decomposition 
of the intertwining operators. 

We shall repeatedly use the following basic fact from spectral theory (compare |RS| for the 
case H = K). 
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Proposition 7.1. Let H,K be Hilbert spaces and A : domA C H ^ K be a densely defined, 
closed operator. Then there exist a positive self-adjoint operator \A\ : domA C H ^ H, with 
dom|^| = dom^, and a partial isometry U : H ^ K with ker [/ = ker A and laiiU = ran A, 
so that A = U\A\. \A\ and U are uniquely determined by these properties together with the 
additional condition ker\A\ = ker A. 

Moreover, \A\ = V A* A, U*U is the orthogonal projection from H onto (ker A)-*- = ran A*, 
and UU* is the orthogonal projection from K onto ran A = (ker A*)"*". 

In order to pass from a possibly unbounded intertwining operator to a unitary one, we also 
need the following general principle. 

Proposition 7.2. Let Hi,H2 be Hilbert spaces and let T>i C Hi, T>2 C H2 be dense subspaces. 
Assume that for j = 1, 2, Sj : douiSj C Hj — >• Hj is a self-adjoint operator on Hj for which T>j 
is a core such that Sj{Vj) C Vj. Moreover, let A : dom^ C Hi ^ H2 be a closed operator such 
that the following properties hold true: 

(i) T>i C dom^ and A(Pi) C 'D2; 

(ii) A intertwines Si and S2 on the core T>i, i.e., 

(7.1) ASii = S2Ai for all ^ e Vi . 

Consider the polar decomposition A = U\A\ from Propositior \7.1l where \A\ = \J A* A, and where 
U : Hi —7- H2 is a partial isometry, and assume furthermore that T>i C dom|^|, and that 

(iii) \A\{Vi)=Vi; 

(iv) the commutation relation 

(7.2) Si\A\i = \A\Sii forallieVi 

holds true on the core T>i. 
Then, also U intertwines Si and S2 on the core T>i, i.e., U{T>i) = A(T>i) C T>2, and 

(7.3) USiC = S2UC for all ^ G Pi . 

Moreover, we have ranvl = A{T>i) = U{Hi), ker A = ker |^| = keiU, and P := UU* is the 
orthogonal projection from H2 onto A{'Di). 

Let us finally denote by S2 = S2\ the restriction of S2 to A('Di), with domain domS'2 := 
Ia(o7T 

domS'2 n A(I)i). If we assume in addition that 

(v) ker 1^1 = {0} ; 

(vi) {I-iSi)-\Vi)CVi; 

(vii) P{V2)=A(Vi), 

then U is infective, and we even have that U{dom Si) = domS'2, and 

S'2 = USiU-^ on domS^'. 

Proof. Let us re-write (17. ID as 

U\A\SiC = S2U\A\^ for all ^ G Pi . 



HODGE LAPLACIAN ON THE HEISENBERG GROUP 43 

Applying (|7.2p . we find that 

USi{\A\^) = S2U{\A\0 foraliee^i, 

which imphes ()7.3p because of (iii). Note that C/(I'i) = ^(^i) C in view of (iii). 

Since A is closed and Pi is a core for A, we have ran A = A(T>i), and the remaining statements 
about ran A, ker A and UU* are obvious by Proposition 17. li 

If we assume in addition that (v) and (vi) hold true, then clearly U is injective. Moreover, 
(|7.3p implies that 

U{I -iSi)C = {I -iS2)UC foranee^^i. 

Since U{Vi) C Vi, by (vi) we then obtain that U{I-iSi)-'^C = {I-iSiT^Ui for every ^ G Pi, 
hence 

(7.4) U{I -iSiY^ = {I -iS2r^U 

on Hi. Noticing that domS'j = ran (/ — iSj)^^, ()7.4p implies that [/(domSi) C domS'2, so that 
[/(domSi) C domS'2, and that (j7.3p holds true even for every ^ G domSi : 

If X = (/ — iSi)~^y € domSi (with y G ffi), then Ux = {I — iS2)~^Uy € domS'2, and 

(/ - iS2)Ux = Uy = U{I - iSi)x. 

It therefore only remains to show that domS2 ^ ?7(domSi). 
To this end, we first observe that, because of (vii) and (|7.ip . 

S2P(P2) Q S2A{Vi) C ^Si(Pi) C A{Vi) = P{V2). 

Since S2 is self-adjoint, this implies 

S2P{V2) C P{V2) and (S2(/ - P)(p2) ^ {I - -P)(^2). 

Assume now that x G domS2 H ranC/. Then x = Uy for some unique y G Hi. Choose a 
sequence {xn}n in ^2 such that 

Xn ^ X and S23;„ — )• S22;. 

Since S22;„ = S2{Pxn) + S2((/ — P)xn)), where the components in this decomposition lie in 
mutually orthogonal spaces, we see that there is some z = Uw G P{T^2) C U{H2) such that 

Pxn X = Uy and S2(Px„) z = Uw. 

We can write Pxn in a unique way as Pxn = Uy-n, with j/„ G Vi, since UiVi) = ^(Pi) = 
P(T>2). Since C/ is isometric on i^i, we then must have that y„ — y. Moreover, by (j7.3p . 
USiyn = S2Uyn = S2{Pxn) — )■ z, SO that Siy„ — w. This shows that y G domSi, hence 
X = Uy € [/(domSi). 

Q.E.D. 

Remark 7.3. If we do not require that the crucial commutation relation in (iv) is satisfied, 
but that in addition to the conditions (i) to (iii) the natural assumptions T>2 C douiA* and 
A*{T>2) C T>i hold true, then one can conclude that 

(7.5) Si|A|2^ = lApSi^ foralUePi- 
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Indeed, then for ^ £ Vi and r] £ 1^2, (|7.ip and (i) imply that SiA*r]) = A*S2r]), hence 

SiA*r] = A*S2V for ah r] £ V2 . 
Combining this with (jT.ip . we obtain SiA*A^ = A*ASi for every ^ G Pi , which verifies ()7.5p . 

One might hope that (j7.2p would follow from (|7.5p by means of general spectral theory. 
However, this hope is destroyed by a classical example due to Nelson (cf. [RSj ) , which shows that 
condition (j7.5p will in general not suffice to conclude that the operators Si and |Ap commute, 
in the sense that their respective spectral resolutions commute. This, however, would be needed 
in order to derive (|7.2p . 

However, in our applications, 5i will turn out to be a scalar operator on the Heisenberg group, 
and A a positive square matrix whose entries are scalar operators too, so that (17. 2p will easily 
follow from formula ()12.7p for the square root of such a matrix. 

In the sequel, by Ph^ '■ H — t- Hi we shall denote the orthogonal projection from the Hilbert 
space H onto its closed subspace Hi. 

In our later applications of Proposition 17. H the next observation will often facilitate the 
computation of the corresponding operators A* A. 

Lemma 7.4. Let H, K he Hilbert spaces and Hi C H and Ki Q K he closed subspaces. Let 
A : domj4 C H ^ K be a densely defined, closed operator, and assume that T> C dom74 is a core 
for A. Assume furthermore that T>i := D Ci Hi is dense in Hi and that dom^di := dom^d n Hi 
is mapped under A into Ki, so that the operator Ai : domAi C Hi — )■ Ki, given by restricting 
A to domAi := doniAC] Hi, is densely defined and closed. 

Under these conditions, also A* is densely defined, and doniA* n Ki C domA^ We shall 
further assume that £ <Z K is a subspace of dom. A* such that A(T)) C £ and A*{£) d T) (so 
that, in particular, £1 := £ r\ Ki is contained in (iom.A\). Then we have 

A\Aii = Ph^A* Ai forallieVi. 

In particular, if we know that A* A maps T>i into Hi, then A\Aii = A* A^ for every ^ G Di. 

Proof. Since AiVi) C £1, it suffices to prove that A\ = Ph^^* oh ^i- But, if x G Pi C 
dom Ai,£_ G £1 C dom Al , then 

{x,AlO = {Aix,0 = {Ax,0 = {x,A*0 = {x,Ph,A*0. 
This implies that A*^ = Pf/^A*^, since Di is dense in Hi. Q.E.D. 



7.1. A unitary intertwining operator for Vq 

We recall from the preceding discussion that the intertwining operator on Vq''' is ^, which 
reduces to the identity on this space. Hence, this case is trivial. 
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7.2. Unitary intertwining operators for V^f'^. 

Our next goal is to replace the intertwining operators from Proposition 16.61 by unitary 
ones. Recall from Proposition 16.61 and (|6.17p that 

Af^e = Ai^iQ^ , dom^+^ = Wq^'" , dom^^^^ = H^''' , 

where, according to ()6.14p . 

_ ( eideyd e{d9Yd \ 

^ ' \UT-^e{deY-^dd + T-^e{deYU -UT-^eidOf-^dd + T-^e{deYu) ' 

According to Proposition [721 we seek to define unitary intertwining operators C/j^^ by defining 
(7.7) Uty.= Ullt:=AU{Al,rAl 



which are expected to be isometrics from the closed subspaces Wq''^ = W^''^, resp. SP''?, onto 
their ranges Vf'^' . Recall, however, that we have not shown yet that the latter spaces are 
mutually orthogonal; this will in fact follow easily from the subsequent discussions. 
Now, since 

{A%rA% = Q^*{Al,Ar,,)Q^, 

we shall begin by computing A\ ^Ai i. 

Subsequently, we will compute the product Q* A* ^Ai^iQ, showing, in particular, that it is 
a diagonal matrix. The diagonal terms will give the explicit forms of {Af^YA^^, whereas the 

vanishing of the off-diagonal terms will prove the orthogonality of the spaces V^'^'^. Since these 
computations are tedious and unenlightening, we shall only state here the relevant identities, 
postponing their proofs to the Appendix. 
Let us set, for s + j < n, 

P.8) ,.,^Jl^i^. 

(n-s-j)! 

Lemma 7.5. We have that A* ^^i,^ = —Cg^i^cT^'^N , where 

(7 0) □□ 

V ™ n{n + iiT-T^) 

Lemma 7.6. Let R = -T-'^Q*NQ on iW^''^Y . Then 

'Ru 

where 

R^^ = {T + mf {Ah + 2m{2m - £)) +2{T + m){{2m - i)AH - 2mT^) 

+ AHiAH-T^) + 2miT'^ , 



R 
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maps Wq''^ bijectively onto itself, and 

R22 = (r - mf{AH + 2m{2m - £)) - 2{T - m)((2m - £)Ah - 2mT^) 

+ AHiAH-T^) + 2miT^ , 

maps rP'^ bijectively onto itself, and is zero on CpW^''^ ®CqWQ''^ , the orthogonal complement of 
EP''J in W^''^. 

Proof. The proof of the formulas for the components of R is postponed to the Appendix. Given 
these formulas, we prove here the mapping properties of Ru and i?22- 

On Wq "^, Ru acts as a symmetric scalar operator. Since Ah = L + i{q — p)T, T and — are 
positive operators, we have 

Ru > (r + mf{AH + 2m{2m - I)) - Am'^T'^ + 2miT'^ 

= (r + mf {Ah + 2m{2m - €)) - 2m{2m - £)T'^ 

> 2m^{2m - £) > . 

It follows that the operators {Ru)\,<t in (13. ip also satisfy the same inequality from below, 
and hence are invertible. Applying Lemma 13.21 (ii), we obtain that admits an inverse 
^11 : ^0 — > So- 

We tensor with A*'''' and restrict R^^ to Wq''^. By (|1.20p . the composition d*Ru can be 
expressed as R'^^d* , with R'^^ differing from Ru in that Ah is replaced by Ah — iT (also in 
the expression of T), and similarly for d*Ru, d*Ri^ and d*Ri^. Therefore, maps W^'"^ 
bijectively onto itself. 

As to R22, we first observe that 

RuR22 = detR 

= T-^idetQfdetN 

= r-^(-4iTr)2(-T2)(AH - T"^ +i{2m - £))□□ 
= 16(Ah - + m^) (Ah - + i{2m - £)) □□ , 

so that 

(7.11) R22 = l6iAH-T^ + m^){AH-T^ + £i2m-£))nnR^l . 

Moreover, by the injectivity of 

ker R22 = ker RuR22 = ker □ © ker □ . 

In order to repeat the same argument used above for Ru, we start from the operator R22 = 
R22 + SpflC + 6qflC (with 6 denoting the Kronecker symbol) acting on scalar-valued functions. 
By (j7.1ip . R22 in invertible on Sq and, after tensoring and restricting, it is also invertible on 
W^'''. For ^ G HP'*?, 

R22R22C = -^22^-^22? = C • 

The conclusion now follows at once. Q.E.D. 



(7.10) 
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Corollary 7.7. We have that 
In particular, 

and the subspaces V^'^'~^ and V^'^'~ are orthogonal. 

Proof. Obviously, R maps the subspace Z^''^ of (Wg''')^ into itself, so that the identities follow 
from Lemma [7.6l and Lemma [7.4[ The first statements are obvious. And, since the matrix Q*NQ 
is diagonal, so is ^^i/- Thus, the map Ai/ preserves the orthogonality of the coordinate 
subspaces W^'"^ x {0} and {0} x Hg''?. Q.E.D. 

Let us finally compute U^^ more explicitly. To this end, notice that if we combine the column- 
vectors of operators U^^ to form a square matrix, then 



(7.12) t/i,, :=(^[/+ U-,j =AiAAl,Ai,ir2. 

Recall that we have set s = p + q and m = (n — s)/2. 
Proposition 7.8. We have that 

where 

Su = e{d9){-dQt + BQl) 
Si2 = e{de){-dQ^ + dQZ) 

521 = £{88 - dd) - ie{de)[AH + [T + m){2m - £)] 

522 = -£{88 - 88) + ie{de) [A^ - (r - m){2m - £)] 
and Sii,S22 are given by 

(r + mf{AH + 2m(2m - i)) + 2(r + m)((2m - i)AH - 2mT'^) 
+ Ah{Ah -T^) + 2m£T^ ' 

(r - mf{AH + 2m{2m - t)) - 2{T - m){{2m - £)Ah - 2mT'^) 

+ Ah{Ah -T'^) + 2mlT'^ ' . 
Proof. From Corollarv l7.7| we have 

{Al^Ai^^r'^ = c'X^^R-k , 



^11 = 



(7.15) 

^22 = -^22^ 



48 D. MULLER, M. M. PELOSO, AND F. RICCI 

SO that 



1 



1 



1 



We verify that the factor in the second row is going to disappear. From Lemma |5.5^ we 
have 

T-^d*He{def{d d)=T^^e{def {u u) + itT-^ e{def^^ {Bd -dd) . 

Let us define the matrix S by requiring that 
Then 

_ e{de)d e{de)d \ f-Qt -Q'^ 

UT-^dd + T-^e{de)U -ilT-^dd + T-^e{de)U) \ QX QZ 



S = 
In particular 



Su = e{d9){-dQl + dQX) 

Si2 = e{de){-dQ:^ + Bqz) . 

Moreover, 

= [UT'^dd + T~^e{d9)a] {-Qt) + [ - ilT-^dd + T~^e{de)n]QX 
= e{dd - dd) - ie{de)^H - (L + m) [i^T-^{^^ + dd) + T-^e{d9){a - □)] 
= £{dd - dd) - ie{d9) [A^ + (L + m)(2m - tj] . 
FinaUy, a similar computation shows that 

= -^{dd - dd) + ie{de) [A^ - (L - m)(2m - t)] , 

as we claimed. 

_ i_ 

In order to conclude the proof, it suffice to notice that T,jj = Rjj^ , j = 1,2, where Rjj are 
given in Lemma 17.61 Q.E.D. 

We wish now to apply Proposition 17.21 to Af^. We restrict ourselves to A]^ the other case 
being simpler. 
We set 



Vi = HP'", Hi = EP'i, 

V2 = 5oA^ H2 = L2A^ 

Si = D , 5*2 = Afc, 

where 



(7.16) ■.= L-T'^ + i{q -p)T + e{n-k + i)+m± ^ L - T"^ + i{q - p)T + m? , 

and denote by A the closure of A'^ ^. The commutation relation (j7.ip is then satisfied because 
of (I6T8]1 . Moreover, clearly S2{V2) C V2. 
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Notice also that A maps Di bijectively onto Vff' C D2. 

Next, according to Corollary 17.71 A* A is a positive scalar operator, and so is Si. But then 



also 1^1 = VA*A = y/c^+i / R22 ^ scalar operator, hence commutes with ^i, so that condition 
(iv) in Proposition 17.21 is satisfied too. 

Conditions (iii) and (v) of Proposition [7?2l follow from Lemma [7.6l and condition (vi) is obvious. 

Finally, our explicit formulas for U = U^^ in Proposition 17. 81 show that here U maps the space 
EP-1 into 5oA^, so that U* maps 5oA'' into Hf-'?, and we see that ^(^2) = P{SoA'') = UirP^") = 
A{\A\-'^{EP''i)^ = = A{Vi). This shows that also condition (vii) is satisfied. Q.E.D. 

In the same way, we see that all the hypotheses of Proposition 17.21 are satisfied by U^^, and 
as a consequence we obtain 

Proposition 7.9. U^f^ defined by ([721) maps Wq''^ , respectively 3^'*^ , onto V^f' and intertwines 
with Afc on the core. 

Moreover, C/+^ : W^''^ L^A^' and : Hp^ ^ L^A'' are linear isometrics onto their ranges 
Vf'f~^ and V^'f~, respectively, which intertwine resp. D~ with the restriction of to 
Vi'f.t.e., 

(7.17) Afci =Uf^D^{Uf^)-^ on domAfc, 

1,1 i,e 

Here, {Uif)~^ denotes the inverse of U^^ when viewed as an operator into its range Vf'|'^. 

Finally, if we regard of as an operator mapping into L^hf', then P^^ := Pff'^ ■= 

U^^{U^f)* is the orthogonal projection from Lp'h.^ onto Vf'^'^. 



7.3. A unitary intertwining operator for V^^ . 

We next wish to replace the intertwining operator A2/ from Proposition 16.21 bv a unitary one, 
denoted by U2/ = ^^f 1 which, according to Proposition l7.2l should be given by ^2/(^2 ^^2/)~ ^ . 
In fact, it will be convenient to modify this expression introducing the unitary central factor 
a{T) = i-^T/\T\. 

Recall that the non-unitary intertwining operator A2,i from Z'^'^ to Vgf is 

^2,£ = ^e{deY [Bd dd) = \ e{deY {Bd dB) 

(7.18) , . - 

^ ^ ^ ( eidOYdd e{d9Ydd 

~ [T-^d*jje{deYdd T~^d*jje{d0Ydd^ 
Since A2/ acts on Z^''^, the identities in Lemma 15.51 in combination with (|1.20p imply that 
d*He{deYBd = e{deY [(□ + itT)d - (□ + iT)d\ . 

Analogously, 

d*He{deY3B = e{ddY [(□ - iiT)d - (□ - iT)d\ . 
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Therefore, 



(7.19j A2,i-e[d0) 1^2^-1 + ^^2^)5 _ p + ^r)^] T^^[[U - i^T)^ - - iT)d]) 



Lemma 7.10. We have 
(i) 



^2 £^2/ — —Cs+iiT "^E —: —Cs+i iT ^ ( 
where 

Ell = UU{/\H-T'^) + i{i + l)Tn[/\H-T'^ -i{n-s-l-l)T] , 
(7.20) Ei2 = E21 = -□□(A^, - T^) , 

E22 = □□(Ah - T^) - i{i + l)Tn[AH -T^ + i{n-s-£- 1)T] ; 

(ii) 

{Al,A2,i)-' = [e - tVc^DA'A"/] , 

with E as above. 

Moreover, [A2 £A2/)'^ maps Z^''^ bijectively onto itself, and, on Z^''^, 

(Al^AiiY^ = ^ , M , 



where M and A' are given by 



.2n / 1 1 \ , Mu 



M = nniA,-T^)[^ 1 +V M22J ' 



with 
(7.21) 

(7.22) 
and 



Mil = -i{i + l)Ta{AH -T^) - (c^ + VcOaA" 
M22 = i{l + l)Tn{AH - T^) - T^(cn + Vc^DA") , 

A' := (2^n - (^ + ifT"^) {Ah - T'^) - ( - cT^ + 2Vc^nA" 



A" ■.= Ah-T^ + c, 



c:= (^ + i)(n-s-£- 1) . 
Proof. The proof of the formulas is postponed to the Appendix, where we also prove the identity 
(7.23) det E = cT^nU{A h-T^ + c) . 

Hence we only prove here that (^A2^A2/)'^ maps Z^''^ bijectively onto itself, assuming the 
vaUdity of HiTJ^i and ([7:23]) . 
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We can factor E as 



where 



det E' = cA" > > . 
Applying Lemma 13.21 as in the proof of Lemma 17.61 we can conclude that the operator 



E = -T^ 



□ + (5^,oC 



maps bijectively (Wq ) onto itself. Restricting to Z^''^, we obtain the conclusion. Q.E.D. 

Some cancellations occur when we proceed to computing the matrix product A2/M, as the 
next lemma shows. 

Lemma 7.11. We have that 

A2 eM =: e{defTP = eidOfT ( 

\-r21 P22 

where 



(7.24) 

Pii = P12 

P21 = P22 



-Bd 
-d 



+ i)n{AH - T^) + r(cn + Vena A")] - e{de)Da{AH - t^) , 



-□(Aj/ - T^) + (□ + i{e + i)T)(cn + VcnoA") + dn{cn + VcoaA") 



Proof. Let A = ( ) denote the matrix on the right hand side of (17. 191) . and set P 

\A2i A22; 

T-^AM. Then 



AM 



dd + dd 



dd + dd 



i{e + i){d-d) -i{£ + i)id-d) )™(^^ 



+ 



ddMu 



ddM' 



22 



T~^[{U + UT)d - {U + iT)d]Mii T-^[{n - UT)d - {U - iT)d]M22, 



where by (fTn]) dd + dd = -Te{de). This implies that 



Pi 



11 



-09 



^(^ + l)n{AH - T^) + T{ca + VcDDA")] - e(de)nn(Aiy - T^) 



and P12 = -Pii, which proves the statements about Pn and P12, and 
P21 = iT~\£ + - d)nn{AH - T^) 



where P22 = P21 ■ 



(□ + iiT)d - (□ + zr)9j + l)Tn{AH - T^) - T2(cn + VcDDA") 



52 D. MULLER, M. M. PELOSO, AND F. RICCI 

Next, using ()1.20p and the identity ()5.19p . with s = p + q in place of k, we have 
P21 = iT-\i + l)id- d)nn{AH - T^) 



d{U + i{l + l)T) - dU - + 1)U{/\h - T'^) - r(cn + a/cDDA") 
iT~^{d - d)U - iT-^dU + (£ + l)d + iT-^dU\ {£ + l)n(A^/ - T^) 



d{n + i{i + i)T) - da 



H 



din 



i)T) - an (cD + VconA") 



-d 



cn{AH - T^) + (□ + i{i + l)T){cD + VcDDA")] + dD{cD + VcDDA") 



This proves the lemma. 



Q.E.D. 



From the previous results we immediately get an explicit formula for U2/, at least when p ^ 
and q ^ 0- However, if p = or g = 0, our formulas, when properly interpreted, persist, and we 
obtain the following result: 

Recah that if p = 0, then XP'" = (/ - C)XP''', and if g = 0, then F^'^ = (/ - C)YP'''. Let us 
correspondingly put 



□ ifp>l. 



□ ifg>l, 
□' iiq = 0, 



ifp = 0, 

so that n\r is always invertible on XP''^, and Or on YP''^. 
Proposition 7.12. The operator U2i, which acts on ZP''^, is given by 



(7.25) 

where the operator matrix H 



21 



e{deY 



H 



1 



Hii H12 \ ■ J n 7 , 
IS aejinea by 



(7.26) 



H21 H22 

Hii =1^2 = -1zn{^+iT)^i{e + l)'^^AH -T^) +T{cn^ + d^Vca^) 

- e{de)n^n^AH - T^) , 

cD^Ah-t^) + {n + i{£ + i)T){cn^ + n^VcA^) 
+ ■^(€□□5 +nn^VcA") , 



21 



H' 



22 



-7^ 



and where A', A" and c are given by Lemma\7.10 



Finally, we have the following analogue of Proposition 17.91 
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Proposition 7.13. The operator U2/ in Proposition 7.12\ maps the space Z^''^ onto and 



intertwines D := Aq + i{q — p)T + + l)(n — A; + £ + 1) with A^ on the core. Moreover 
U2/ '■ Zv^'i — ). L^A^' is a linear isometry onto which intertwines D with the restriction of A^ 



to Vg'^, i.e., 



(7.27) Afc, =U2/D{U2iy' on domAfc, 

Here, {U2/)~^ denotes the inverse of U2/ when viewed as an operator into its range Vgf- 
Finally, if we regard 0/C/2/ o,s an operator mapping into LP'A!^, then P2/ := -P|'^^ := ?72/(f^2,^)* 
is the orthogonal projection from L^A^ onto Vg'^- 

Proof. This will follow by applying Proposition 17.21 to A2/. To this end, we set 



Vi = ZP'", Hi = ZP''}, 
V2 = cSoA^ H2 = L2A^ 
Si = D, 5*2 = Ak, 

and denote by A the closure of A2/ on Z^'*^. The commutation relation (j7.ip is then satisfied 
because of (|6.3p . Moreover, clearly S2{'D2) C 2^2, and ^ maps Vi bijectively onto V^^f ^ '^2- 

Next, according to Lemma 17.101 A* A is a positive matrix with scalar operator entries, and 
Si = Sil is a scalar operator. But then also |^| = \J A* A is a matrix with scalar operator 
entries, hence commutes with Sil^ so that condition (iv) in Proposition 17.21 is satisfied too. 

In order to verify conditions (iii), (v) and (vi), we can make use of the joint spectral theory of L 
and i~^T described in Section[9l Indeed, it is immediate by means of the spectral decomposition 
of Si that (vi) is satisfied. 

Moreover, \ A\ maps ZP''^ into itself; this can be verified as follows: 

The formula for \A\ = {A*^ in Lemma 17.101 shows that it suffices to prove that the 

operator matrix E maps Z^''^ into itself. This in return will be verified if we can show that 
£^12 maps Y~P^i into X^'^, and £^21 niaps X^''^ into y^'^. But, according to Lemma [12.31 in the 
Appendix, □□ maps VFq'*^ into 'rP'^, so that the latter claims are immediate. 

And, the formula for A*^ 1A2/ in Lemma[7?TU]in combination with Lemma [10.91 and Plancherel's 
theorem shows that A^ (A2/ = \A\'^ has a trivial kernel in L^, and then the same applies to \A\, 
which proves (v). 

Finally, our explicit formulas for U = U2/ in Proposition 17.121 show that U maps the space 
into ^oA'^, so that U* maps 5oA^ into Z^-i, and we see that ^(^2) = ^(^qA'^) = U{ZP'1) = 
A(\A\-^{ZP''i)^ = A{ZP'i) = A{Vi), where P = UU*. This shows that also condition (vii) is 
satisfied, which concludes the proof of Proposition I7.13[ 

Q.E.D. 
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8. Decomposition of L^A'^ 

We are now in the position to completely describe the orthogonal decomposition of L^A'^ into 
Afc-invariant subspaces and the unitary intertwining operators that reduce into scalar form. 

Theorem 8.1. Let < k < n. Then L^A'^ admits the orthogonal decomposition 

(8.1) L^A'^= ^® Vo-e^:^ vf;re Y!" ^17 

p+q=k<n e=± p+q+2i=k-l p+q+2l.=k-2 

p+q=n,pq=0 

p+q=k~l e=± p+(?+2£=fc-2 p+<J+2£=fc-3 

where R = Rk~i denotes the Riesz transform. 

Proof. This follows immediately from (jS.ip . Proposition 15. 131 and Proposition 14.51 since, accord- 
ing to Lemma I44| Rk-iRk-2 = 0. Q.E.D. 



SUBSPACE 


SCALAR FORM 


intertwining 
(with domain) 


ORTHOGONAL 
PROJECTION 


^0 

(p + q = k < n, 
or pq = i{ p + q = n) 


Ao + i(q-p)T 


J 


I-RR* -T,Pi,f^ 


(p + <? = fc - 1) 


Ao + i{q-p)T 


R 

iK") 




(p + q = k-2i-l) 


Ao + i{q - p)T + +^(n-p-q + l) 
±^Ao+t{q-p)T+{^^f 


(>VJ'^ resp. H^) 


pP,<3,± 

(Prop, rroi) 


{p + q = k- 21-2) 


Ao + i{q - p)T + +£(n-p-q + £) 
±^Ao + t{q-p)T+{^^f 


(WJ'', resp. H^) 


-Tt _r ^ ^ IX 


(p + q = k-2l-2) 


Ao +iiq-p)T+{£+l){n~k + e+ 1) 


'^2,1 


pp,q 

-'2.1 

(Prop. |7.12| 


RVE'J 

(p + g = fc - 2£ - 3) 


Ao + i{q -p)T+{e+l){n-k + e + 2) 




-ft, -T 2 f/ -ft 



Table 1. Components of L^A*^, < A; < n 
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The Hodge Laplacian leaves all the subspaces in this decomposition invariant, and we have 
seen that, after applying the unitary intertwining operators derived in the previous sections, it 
will assume a scalar form on each of the corresponding parameter spaces. 

In Table [H we list these subspaces, the corresponding scalar forms of A^, the associated 
unitary intertwining operators as well as the orthogonal projections onto these subspaces. 

By J, we denote the inclusion the operator of a given subspace into L'^A^. 



8.1. The *-Hodge operator and the case n < k < 2n + 1. 

We now remove the condition < k < n and prove a decomposition theorem for L^A'^ also 
in the case n < k < 2n + 1. 

We are going to use the *-Hodge operator defined on an arbitrary Riemannian d-manifold M, 
acting for each point m E M as a linear mapping 

^ ■ _). \d~k 

where A^ denotes the fc-th exterior product of the dual of the tangent space at m. It will be 
viewed also as a linear mapping acting on forms on M. For its definition and basic properties 
we refer to |Raj . We summarize the main properties in the following statement. 

Proposition 8.2. The *-Hodge operator is almost involutive, i.e., , = uj , and 

the following properties hold true: 

(1) /or wi,W2 G L'^A^{M), 

Jm 

(2) as a mapping * : L^A^ — )■ L'^A'^"^, the operator * is unitary; 

(3) d* = -* d*; 

(4) *Afe = Ad-k*. 

In our situation, M = Hn and d = 2n + 1. 

It follows from property (4) above that a subspace V C L'^A^ is A^-invariant if and only if 
*V C L'^A'^~^ is Arf„fc-invariant. Thus, we wish to describe the Afc-invariant subspaces of L^A^, 
when n < k < 2n+ 1. 

We denote by Ay the space of vertical k-forms, that is, the forms ui = 9 Alj2, with L02 G ^h'^^ 
and by fi = 9 A d9 A ■ ■ ■ A d9 the volume element on Hn- Similarly, = d9 A ■ ■ ■ A d9 will 
denote the corresponding volume element on the horizontal structure. In the same way as the 
*-Hodge operator on Hn is determined by the relations a A *uJ = {a,uj)iJ, for all a,uj G A*^, we 
can introduce the *-Hodge operator *h acting on the horizontal structure, by requiring that 
a A = (<7, ui)^H for all cr, a; G A^. 

The following results are easy consequences of these defining relations. 

Lemma 8.3. Let uj G 5oA^. Then the following hold true: 

(i) if we put a;' := (—1)'^ *h ^, then *lo = 9 A co'; 

(ii) *hoj = *{9 A oj). 
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We set 

(8.2) Wq= {oj' G cSqA"^'" : dJ = Bu' = O} 
and define 

Zq'" = [uj = e e cSoA^ : w' gtI^o' } , 

(8.3) Zl'' = {io = e ^J ^ SQk\r : J = d*a + d*T, a, r eWo' } , 
Z^/ = {uj = 9Auj' e SoAv ■■ w = d*d*a + d*d*T, a, r eWo' } ■ 

We also set 

(8.4) Z;f,=i{d9Yzl^\ j = l,2. 

Notice that Zq'* is a subspace of SoAy, where k = r + s + 1, Z['* C SoAy with /c = r + s, and 
C 5oAy with A; = r + s — 1. Therefore, Zj'| C 5oAy where /c = r + s + 1 — j — 2£, j = 1, 2. 

Observe also that from (|1.2ip it follows that lo G SqA^, to = loi + 6 A002 is d-closed if and only 
if uJi = T~^dHijJ2- 

The mapping $: S^Ay — ;> (5oA'^~^)d-ci defined by 

i (0 A w') = T-^duJ + 9aJ , 
where oj' G SqA^^ is an isomorphism. 

Lemma 8.4. The following properties hold true: 

(i) *{L^A^)a.,. = iL^Ad-%,.,^ and *iL^A%*_,i = {L^A^-%.,,; 



(n) i/w G 5oA^, then *$(a;) ( 



Moreover, if for given p, q we put r = n — q and s = n — p, then 
(ifi) *{Wn = Z'o', hence *{Vn =!> (^0'^)/ 

(iv) *(M^ff) = Z['}, hence *(^£/) =4 (^[,1)/ 

(v) *{W^;^) = Z^'}, hence *{Vif) =4 (4;|). 

Finally, the spaces Zj'^, j = 1,2 are non-trivial, and Zq'* are non-trivial if and only ifr+s > n 
or, if r -\- s = n, rs = 0. 

Proof. Property (i) follows from Proposition 18.21 (3). 
If a; G A'^ , we shall put 

u' := (-1)^' *HUJ, 
so that according to Lemma 18.31 *uj = 6 Alo' . 
Then 

*^{oj) = *uj + *[9 A T~^d*Hijj) =*ijj + *H d*fjUJ 
= 6 aJ + T~^dH^' , 

which proves (ii). 
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Using Lemma 18.31 the fact that (on horizontal forms) d* = — *h d*H and the analogous 
formula for d* , for ui E Wg''' we obtain 

where here uj' £ 5oA'''^ and du' = doj' = 0. 

This shows that *{Wq''^) C Z^'^, and in a similar way one proves that *(Zq'*) C Wq'''. 
Combining this with (ii), we obtain (iii). 

Next, ii UJ = + Brj, with ^, G Wq'*^, then 

= e A {d* *H ^ + d* *H v) =■■ A {d*a + (9*r) 

where a, r ^Wq , hence 6* A (9V + 9* r) E This shows that *(VFf'^) C and in a similar 
way one proves that *(Z['*) C W^''^, and we obtain (iv) in the case ^ = 0. 
For the general case, we observe that, for all test forms uj and cr, 

y (T A *Hi(d6)uj = {a, i{d6)uj) = {e{d9)a, uj) 

= J e{d6)a A*h'^ = J a Ae{d6){*H^) ■ 

It follows that 

*H'i{d6) = e{dd)*H , and *h e{dd) = i{dd) *h ■ 

Hence, if a; = 5^ + Br], with ^, 77 G W^''^, 

*^{e{deYu}) =$ {*e{deYu}) 

= {-l)''e A *He{deYuj + {-ifT-^dH *H (eidOYuj) 
= {-l^e A i{deY *H0o + {-ifT^^duiidOY *h uj 

=4 {iidOYOAuj') 

where 9 A uj' = 9 A {d*a + d*T) € Zl'' , with cj,r as in ([83]). This shows that *(W^f '/) C Z[J, 
and in a similar way one proves that *{Z^^''^) C Wff, and we obtain (iv). 
The proof of (v) follows along the same lines and is therefore omitted. 

The proof about the non-triviality of these subspaces follows from Propositions 15.31 and 15.41 
Q.E.D. 

Definition 8.5. When r + s > n we set 

Fq =$(^0 ) = ^0 ' ^1/ =^(^l,V )' ^2>=^(^2>)' 

and denote by Tq' , T^'^' respectively the closures of these spaces in 
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Let us finally observe that, in view of Lemmas I4.4l and l8.21 the Riesz transforms on Hn satisfy 

*i?2n-A.-(w) = -Rl^i{*U}). 

Then, from Theorem 18 -H Lemma 18.41 and Proposition 18.21 we immediately obtain the following 
decomposition of L^A^' into A^-invariant subspaces when n < k < 2n + 1. 

Theorem 8.6. Let n < k < 2n + 1. Then L^A^ admits the orthogonal decomposition 

(8.6) L^A'== y!" n-^eE"" E"" ^r/® E"" nr. 

r+s=k-l>n e=± r+s-2l=k r+s-2i=k+l 

r-\-s=n, rs=0 

© Y,^ R* r^' © R* T^;r © R* r,} , 

r+s=k e=± r+s-2e=k+l r+s-2£=k+2 

where R* = R1_^_i- 

Moreover, since the *-Hodge operator transform the subspaces in this decomposition into the 
corresponding subspaces in the decomposition given by Theorem \8.1\ withp := n—s andq := n—r, 
the unitary intertwining operators which transform on each of these subspaces into scalar 
forms are simply given by those from Table [7] at the end of Section O composed on the right 
hand side by the * -Hodge operator, and similar remarks apply to the orthogonal projections and 
scalar forms. 



9. LJ'-MULTIPLIERS 

The decomposition of L^A'^ presented in the previous sections, together with the description of 
the action of A^ on the various subspaces, can be used for the U*- functional calculus of A^. For 
this purpose, we are going to show that L^A^ admits the same decomposition when 1 < p < oo. 
Concretely, this means proving that the orthogonal projections on the various invariant subspaces 
and the intertwining operators that reduce Ak to scalar forms are L^-bounded. 

9.1. The multiplier theorem. 

The joint spectrum of L and i^^T is the Heisenberg fan F C defined as follows. If 

4,± = {(A, : e = ±(n + 2A;)A, A G M^} , 

then 

F= |J(4,+ u4,-) . 

fceN 

The variable A corresponds to i^^T and ^ to L, i.e., calling dE{X,^) the spectral measure on 
F, then 



~'T= [ XdEiX,0 , L = [ CdEiX,^) 

J F Jf 
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If m is any bounded, continuous function on M x M^, we can then define the associated 
multipher operator m{i~^T, L) by 

m{i-^T,L) ■= J m{X,^)dE{X,0, 

which is clearly bounded on L^{Hn)- 

It follows from Plancherel's formula that the spectral measure of the vertical half-line {(0, ^) : 
^ > 0} C F is zero. A spectral multiplier is therefore a function m{X, ^) on F whose restriction 
to each ik is measurable w.r. to dX for every k. 

We shall use the following results from |MRSH IMRS2j concerning L^-boundedness of spectral 
multipliers, see also Section 5 in [MPRlj . 

Given p,a > 0, we say that a measurable function /(A,^) is in the mixed Sobolev space 
= Ll^iR') if 

Wfwh ■= [ (i + ie'imi + iA'i + ie'i)'n/(A',oi'^A'de' 

(9.1) 7r2 

= c\\{i + \d^\ni + \dx\ + mrf\\i<oo. 

Let rjQ £ C^(]R) be a non-trivial, non-negative, smooth bump function supported in ]R!j_ := 
(0, oo), put ?7i(x) := r]Q{x) + 7]q{—x) and set X '■= Vi Vo- If /(-^jO is a continuous, bounded 
function on M x R*^_, then we put /''(A, ^) = f{riX,r2C), r = (ri,r2) G (^*+f, and say that / 
lies in -^^po-sloc(^ ^ ^*+) every r = (ri,r2) € (K;^)^, the function /^x lies in L^,^ and 

(9.2) ||/||^2_^^^^^j=sup||/'-x||l2_^<oo. 

Definition 9.1. A function m satisfying (|9.2p is called a Marcinkiewicz multiplier of class 
(p, a). A smooth Marcinkiewicz multiplier is a Marcinkiewicz multiplier of every class (p, a), i.e., 
satisfying the pointwise estimates 

(9.3) \4dlm{X,0\<C,k\X\-^^\-'' , 
for every j, k. 

Theorem 9.2. ( |MRS2j ) Let m be a Marcinkiewicz multiplier of class {p,cr) for some p > n 
and a > ^.Then m{i~^T, L) is bounded on L^{Hn) for \ < p < oo, with norm controlled by 

||m||r2 

p, (7, sloe 



9.2. Some classes of multipliers. 

We introduce the classes ^r"^ of (possibly unbounded) smooth multipliers, in terms of which 
we will understand the behavior of the projections and intertwining operators presenteded in 
the previous sections. 

These classes are defined by pointwise estimates on all derivatives, in analogy to (|9.3p . which 
must be satisfied on some open angle Tn-e '■= {(A, £ '■ ^ > {n — e)|A|} containing the 
Heisenberg fan F taken away the origin. 
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Definition 9.3. We say that m e (p,a,T gR) if 



(9.4) \didlmiX,0\< 



^r^j~k /or ^ < 1 



for every j, k £ 'N. We also say that m G *^'^''^ if m £ ^'r and, moreover, 
(9.5) m{\,0> 

Prototypes are given by the smooth functions m such that 

m(A,0 



e /or e < 1 

(e + A2)^r /or e > 1 • 



{^ + pX + aX'^y for ^ < 1 
(e + A2)''(e + <?A)'^ fore>2 



with \p\, \q\ < n. The following properties are easy to prove. 
Lemma 9.4. The classes ^t'^ satisfy the following properties: 

(i) 9A^r c d^^r c ^^lt'; 

(ii) ^p^^py c ^^+^/"+"'; 

(iii) if m £ and then G vf^^^'^*^ /or every s € M (/or s G N, m € ^ij^'*^ is sufficient); 

(iv) i/p + 0- < + 0-', 2p + cj < 2p' + and t > t' , then ^'^''^ C ^^p^' . 

(v) /n particular, if p + a < 0, 2p + a < and t > 0, then "^P'"^ C "^q'^, and consists 
of Marcinkiewicz multipliers. 



Remark 9.5. 

(i) Observe that if x is a smooth cut-off function on M, compactly supported on M \ {0} 
and with < x ^ 1) then rj = x{^/\M) ™d 1 — rj are in 'I'q'''. By Lemma 19.41 (ii), 
multiplication hy rj or 1 — rj preserves the classes \I'r This property provides a certain 
amount of flexibility, of which we give two examples. 

(ii) If we are given a multiplier m, which satisfies the inequalities (|9.4|) . but is only defined 
on an angle F leaving out a finite number of half-lines ik^± of F, we can easily extend m 
to a multiplier in ^P'"^ which vanishes identically on the missing lines. 

(iii) Property (iii) in Lemma 19.41 also applies to the situation where s > 0, (j9.5|) only holds 
on an angle omitting a finite number of half-lines in F, and m vanishes identically on 
these half-lines. 

We denote by the same symbol ^P'"^ the class of operators defined by the multipliers in this 
class. For notational convenience, we shall often use the same symbol to denote an operator 
M G ^P''^ and (a convenient choice of) its multiplier M(A,^). 
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Since the letter p is already used to denote degrees of differential forms, the summability 
exponent will be denoted by r. 

If V is any of the spaces Vg''', Vf'|, T^'^, etc., by we shall denote the closure of this 

space in U . Our goal will be to prove the following theorem, whose parts (i) and (ii) extend 
Theorems 18.11 and I5.13[ 

Theorem 10.1. Let 1 < r < oo. 

(i)k For < k < n, U admits the direct sum decomposition 



(10.1) UK^= X'^eE"" Y.^ x:r© Y.^ ''^i 



2,1 

p+q=k<n £=± p+q+2e=k-l p+q+2i=k-2 

p+q=n,pq=0 



P,1 
21 1 



p-\.q=k-l £=± p+q+2£=k-2 p+q+2e=k-3 

where Rk~i = dA^,^^ is the Riesz transform; 

(ii) k For n+l<k<2n + l, U'h^ admits the direct sum decomposition 

(10.2) L''h^= ^® ^T^'^eE® E"" ''^iT ® T!" "^Z 

r+s=k-l>n e=± r+s-2i=k r+s-2e=k+l 

r+s=n, rs=0 

e iJ-T^o'^ © J^® i?-T;;f © J^® i?-T^2'j > 

r+s=k e=± r+s-2£=k+l r+s-2l.=k+2 

where R* = Rl^i- 

(iii) k For < k < 2n, the Riesz transform R^ is hounded from U to U h!''^^ . 

By L'"-boundedness of the *-Hodge operator, we can restrict ourselves to the case < A; < n. 

The proof is based on the following lemma. 

Lemma 10.2. LetU = (^^^ [/^^^ denote any of the operators in ()7.13p orU^'^ in (I7.25p . 

Then each component Uij of U consists of a multiplier operator in "^q'^, possibly composed with 
powers of e{dO) and the holomorphic and antiholomorphic Riesz transforms TZ, TZ. 

In particular, for 1 < r < oo, all these operators are L'^ -bounded on the spaces of differential 
forms of the appropriate (bi-)degrees. 

This lemma will be proved in the last part of this section. Taking it for granted, we give the 
proof of the theorem. 
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Proof of Theorem \10.1\ We prove the two parts of the theorem simultaneously, via the inductive 
steps ((i)fc_i + (ii)fc_i) ==> (i)^ ==> (ii)fc- The statement (i)Q is trivial, and (ii)Q and {i)^ are 
proved in |MPRlj . 

Assume that (i);;.^^ and (ii)^_;^ hold, and consider anyone of the orthogonal projections in the 
last column of Table [TJ This is a product (or a sum of products) of factors, each of which can 
be either Rk-i, or its adjoint Rl_i, or P = UU*, U being one of the operators in Lemma [10.21 
Then (i)^ follows easily. 

We prove now the implication (i)^ =^ (ii)fc- Factoring 

1 _i 

and using (ii)o, it suffices to prove the boundedness of Aq ^ on U'A^. 

Referring to the decomposition (jlO.ip . we disregard the d-exact components of L'^A^ (i-e., 
those with Rk_i), on which i?^ = 0, and adopt the simplified notation 

Denote by Ujs : ^'Zi^ — > ^'Vj3 the L'"-closure of the unitary intertwining operator in Table [H 
with ''Z^ denoting the L^-closure of the appropriate space X'^''^, y^'^ or Z^'"^ in ()5.16p . Let 
P/3 = UpU^ be the projection of L'^A^ onto''V/3. 

Decomposing u € L'^A^ as 

with G^Zp, we have 

where D/j = U%AjJJp is the scalar operator appearing in (j6.1|) . (|6.3p . (j6.18p . Explicitely, 



Dr- 



'Ao + i{q-p)T 

Ao + i{q - p)T + l{n-k + i) + m± ^/ Aq + i{q - p)T + m'^ 







Ao + iiq-p)T+ii + l)in-k + i+ 1) 



if^V, 



^21 



Denote by mp be the spectral multiplier of Dp. Then, for each of the above cases. 



mr- 



1,0 



i + \^ + {p - q)\ + l{n - k + t) +m + + \^ + {p - q)\ + m? G 
i + + {p-q)\ + l{n-k + l)+m - a/^ + + (p - q)\ + rrfi 



1,0 



G *^i.o if ^ = , otherwise 



i + + {p-q)\ + {l+ l)(n -k + i+l) 



G *^ 



1,0 
' 
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respectively. By Lemma lO^ (iii) . Da ^ is in ^I* f or in ^' , depending on the case. Combining 

together Lemma 110.21 Lemma 19.41 (ii) and (v), and the fact that the multipUer ^ + of Aq is 

we ( 
Therefore, 



in *^'|''^, we conclude that the composition AQ[/g-D^ ^ has all its components in ^'q''^ 



1 _ 1 



\\A§A,'^u;\\r<}_^\\A^U0D^'^a(s\\r 

P 

< C\\uj\\r . 

Q.E.D. 

10.1. LP- boundedness of the intertwining operators U^^. 

Our next goal will be to prove 

Proposition 10.3. Assume that p + q + l + 2i<n and 1 < r < oo. Then there is a constant 
Cr so that 



P^e^hr < CrUh^ for every ^ G Wi 



PA 
' 



£ < C'rll^lli'' for every rj G H^'*^. 
Proof. According to Proposition 17.81 we have to prove the L''-boundedness of the operators: 

(i) 9QlSn, 9Q+Sn, 

(ii) {dd-dd)^n, when i>l, 

(iii) [Ah + {2m - i){T + m)]^ii, 

defined on W^'"^, with p + q + 2i + 1 < n in (i) and (iii), and p + q + 2l < n \n (ii), and of the 
operators: 

(i') 5Q;S22, 9QIS22, 

(ii') {dd - dd)^22, when £ > 1, 
(iii') [AH-(2m-£)(r-m)]E22. 

defined on H^''', with p + q + 2i + 1 <nin (i') and (iii'), and p + g' + 2-^ < n in (ii'). 

Recall that if p = 0, then d = d{I — C), and if = 0, then d = d{I — C), so that, putting again 

ifp>i, fn, ifg>l, 



ar = <_ ' a 



if p = 0, □ , if g = 



we have 



(10.3) 



5 = 7^□2, d = TZD'', 
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where TZ and TZ are the holomorphic and antiholomorphic Riesz transforms of (j4.5p . which 
are known to be C alder on- Zygmund type singular integral operators, and consequently are L^- 
bounded for 1 < r < oo. 

Moreover, observe that dd — dd = 2dd + Te[d9). Since this term appears only when I > 1 
and p + g + 2^ < n, we have p + q < n — 2, which easily implies that the operator □ + zT is 
injective on its domain in L'^A^''^, so that we can factorize 

(10.4) dd = = nd{n + iT)^ =:^7^(□ + ^^)^□3 on WP'i, 

since, on the core, Ud = 5(n + iT), hence U^d = d{n + iT)^ . 
Observe also that H^'^ = (/ _ Cp - Cg){W^'''). 

Thus it will suffice to prove that the following scalar operators are in ^'q''^: 
(I) □^QlSn, n^g+Sii, [AH + (2m-£)(r + m)]Sii, for ^>0; 

(II) (□ + ir)^n5Sii, r^rsii, for £>i; 

(V) □5Q;S22, 0^^1X22, [Aj^-(2m-£)(r-m)]E22, for£>0; 

(ir) (□ + ir)5n5S22, rirs22, for i. 

This will be a direct consequence of the following Lemmas I1U.4[ 110.51 110.61 on the basis of 
Lemma El Q.E.D. 

Observe that m = (n — p — q)/2 > 1/2, 2m — ^ > 1 in (I) and (F), and m > 1, 2m — ^ > 1 in 
(II) and (IF). 

Lemma 10.4. Assume that p + q + 1 < n. Then the following hold true: 

(a) r^T £ 

(b) n^,n^ £ ^i'^ and {D + iT)^ G ^i'^; 

2 2 

(c) Ah G -^i^ C ^}'°, Ah - aT^ G ^-i'" /or every a G C, and (A^ - + c)° G ^0'° 
every c > 0. 

Proof, (a) is obvious. 
As for (b), note that 

(2n)^(A,0 = (^- (n-2p)A)i We have 

^ - (n - 2p)A ~ e , 

on an angle containing the whole fan if p > 1, and, if p = 0, on an angle avoiding just the 

1 o,i 

half-line ^ = nX, A > 0. By Lemma 19.41 (iii), 02 g ^'i'^, and a similar argument applies to 

2 

1 1 1 1 

□ ^ and (□ + iT) 2 . Remark 19.51 (iii) must be used for 02 when p = and for (□ + iT) 2 when 

q = n — 1. 

Moreover, (2(0+«T))5 (A, ^) = (^+(n-2gr-2)A)5 , where p+g+2 < n, hence 2(g+l) < 2n-2, 

i.e., |n - 2{q + 1)| < n - 2. This implies that (□ + zT)^ G ^i^. 

2 
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Finally, 

(10.5) A^^(A,0 =e + (p-g)A~e , 

on an angle containing the full fan, which shows that A/f G ^5'^. In combination with (a) and 
Lemma 19.41 this easily yields (c). Q.E.D. 

According to (jl0.5p . the quantity + {p — q)X, which we will also denote by ^, is comparable 
to ^. We then set 

(10.6) r(A,0 = (l + A2 + m2)5 . 

_i 

Let Rii be as in Lemma 17.61 so that, according to (j7.15p . Sn = R-^^^^ . 

Lemma 10.5. For p + q + 2l +1 < n, the following hold true: 

(a) r + m,Q+,Ql 

(b) Rn G *^'o , consequently Sn = R^^^ G ^' ^ 
Proof. We have 

r(A,0 = (f+A2 + m2)i, 

and, since ~ ^, this shows that F € *^'o' • Then (a) follows easily. 
As for Rii, recall that 

Ru = (r + mf {Ah + 2m(2m - i)) + 2(F + m) ((2m - i)AH - 2mT'^) 
^^^■^^ + Ah{Ah - T^) + 2miT^ . 

By Lemma 19.41 and in view of what has been shown already, we find that 

Rn G + + + ^2'° ^ *o 

Moreover, since here F > 0, we have 

Ru > T'^iAH + 2m{2m-i)) + 2m{-2mT'^) + 2miT^ 
= (I + A^ + m2)(| + 2m(2m - i)) + 2m(2m - i)\T\'^ 
> (^ + A2 + 1)(C + 1), 

_ 1 _ i_ _i 

which shows that also the estimates from below for Ru hold true, so that R^-^^ € ^' ^. This 
concludes the proof of (b). Q.E.D. 

Lemma 10.6. For p + q + 2l +1 < n, the following hold true: 
(a) F-m, g;, QI G 



(b) R22 G ^2'^ and S22(/ -Cp- Cg) = rJ{I - Cp - Cq) G ' 



2 ' 2 . 
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Proof. We have 

r(A,0 - m = + A2)(r(A,C) +m)'' G *}'°^o^'° c ^'f . 
By (|7.11|) . on Wq'*^ we have the identity 

R22 = 16(Ah - + m^){AH -T^ + i{2m - £))nni?f/ , 

where 

(10.8) (A^ - + m^) (A^ - + ^(2m -£))□□€ I ^ f C M^f . 

Applying Lemma [10.51 (b). we obtain that R22 G ^2'^- 

To prove the last part of the statement, observe that the presence of the factor I — Cp — Cg 
allows us, on the basis of Remark 19.51 (ii), to restrict, if necessary, our analysis to an angle 
omitting one of the external half-lines of F, where the multipliers of □ and □ are non-zero, and 
their reciprocal satisfy (j9.5p with p = and o", r = — 1 . Each of remaining factors in (|10.8|) is in 
*^'q' , and this, together with Lemma 110.51 (b). gives the conclusion. 

Q.E.D. 



10.2. LP- boundedness of the intertwining operators U2/- 

We next turn to the intertwining operator U2/- Our goal will be to prove 

Proposition 10.7. Assume that p + q + 2 + 2i<n and 1 < r < 00. Then there is a constant 
Cr so that 

\\U2/{tv)\\Lr < Crm,r,)\\Lr for every (^,77) G Z^^'^. 

In view of the explicit expression for U2/ in Proposition 17.121 it will suffice to prove that the 

operators „ and „ are L^-bounded on X^''^, and the operators ^,]\ ,, and „ on 
^ VA'A" VA'A" ' ^ VA'A" VA'A" 

yp."? (notice the the multiplier cr(T) corresponds essentially to the Hilbert transform along the 
center of the Heisenberg group, which is L''-bounded). 

We shall prove the estimates on X^''^ only, since the estimates on Y^''^ follow along the same 
lines. 

Using again the factorizations (jlO.Sp . (110. 4p by means of Riesz transforms, we see that we are 
reduced to estimating the following scalar operators on X^''^ with respect to the V- norm: 
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(III) 



(IV) 



d^Ah-t^) (□ + i(^ + i)r)n^ \j?n 



{a + i{i + i)T)nl 



Lemma 10.8. Let A', A" be as in Lemma 7.10. Then, the following properties hold: 

(a) (A")° G ^-0'° for every a E M; 

(b) ifq>l, then (A')" G ^3^^" for every a G M; 
(b) ifq>l, then (A'A")^^ G 



Proof, (a) is immediate from Lemma 110.41 (c) . 

As for (b), we first recall that c > 0. Moreover, A' has multiplier 



- (e - (n - 2p)X) (e + (n - 2q)X) + {£ + lfX^\ (^ + (p - g) A + A^) 



+A^ 



cA^ + Jc{^ -{n- 2p)\) [i + {n - 2q)\) [i+{p- q)\ + + c) 



Here, ^ = [n + 2k)X, /c G N, and A; > 1, if A > and p = 0, since we are acting on X'^''^. Since 
we are also assuming that q > 1, this shows that 



(10.9) 



^-(n-2p)A~e, ^+in-2q)X^ 



By means of Lemma 110.41 and Lemma 19.41 we thus easily see that 



Moreover, the inverse estimate ()9.5p holds true for p = 1,(T = 2 and r = 3 because of (110. 9|) . 
which yields (b). Finally, (c) is a direct consequence of (a) and (b). Q.E.D. 
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The lemmata 110.81 and 110.41 now easily imply that 

(□ + ir)iO^(AH-T^) ^.j,o,o T{U + iT)hu^ ^ ,^,^l,o □.^□^(A^-T^) ^ ,^,o,o 

rn|(n + ir)l 0,0. 

^ 1 ) 



^A' 2 



1 1 



2 



VA' VA' 

All these classes are contained in \I'o'^, so that all these operators are L^'-bounded Marcinkiewic 
type operators, for 1 < r < oo. This proves Proposition 110.71 when q>\. 

The situation is slightly more complicated when g' = 0. The problem is that the second relation 
in ()10.9p will fail to be true in this case on the ray 

p ■= {(A,e) : A < and ^ = n|A|} C F 

of the Heisenberg fan, on which the multiplier of □ will vanish identically. If we remove this 

ray, the preceding arguments remain valid and we get U- boundedness of the restrictions of 

our operators to the orthogonal complement of the kernel of □, i.e., on (/ — C)(X^''^). So, what 

remains is the restriction on C{X^''^). This corresponds to the restrictions of our multipliers to 

i_ 

the ray p. However, all of the multipliers listed in (III) and (IV) which contain a factor □ or 
vanish identically on this ray, so what remains are the operators 



Tn?(a + iT)^ ^ (□ + i(^ + i)r)n| 

and 



VA' VA' 
On the ray p, the multipliers of these operators are given, up to multiplicative constants, by 

1^1 = 



and 



c + (£ + l)2)A4 + (£ + l)2(n-p)|A|3 
|A|I 



c+(£ + l)2 A4 + (^+l)2(n_p)|A| 



3 



1 1 



It is easy to see that these are Mihlin-Hormander multipliers in A, so that ■= C 



(□ + i(i + i)T)n\r 

and 77^ ^ compositions of C alder on- Zygmund operators acting in the central 



HODGE LAPLACIAN ON THE HEISENBERG GROUP 



69 



variable of the Heisenberg group with the singular integral operator C, which shows that they 
are ^''-bounded, for 1 < r < oo, too. 

This completes the proof of Proposition 110.71 

Finally, let us denote by the rays 

p± :={(A,e) :e = ±A,A>OCF 
of the Heisenberg fan F, and define for (A,^) € F the spaces 

'{0}, ifp = and (A,0 G 



C, if p = and (A,0 ^ P^, or if P > 0. 

'{0}, if g = and (A,0 G P^, 
C, if g = and (A, £,) ^ p~ , or if g > , 



and 



Lemma 10.9. For (A,^) G F let E{X,0 = (^^lllxf) SSa'o) ' ^^^''^ 

in Lemma 7.10. Then, when viewed as a linear mapping from the space ZP''^{X,^) into itself. 



E{X, ^) is invertible for almost every (A, with respect to the Plancherel measure on F. 

Proof. When (A,0 G F\(p+Up"), then □(A,0 / 0, □(A,^ / 0, and since, according to (f7:23D . 
det£^ = cT^DDA", the claim is immediate. 

Assume next that (A, ^) G p'^ . Then, if p > 0, we can argue as before. So, assume that p = 0. 

In this case, □(A,^ = 0, ^^'^(A,^) = { (H) : ^ G c}, and E{X,i) = (^^ ^^^^^ , where 

E22{\i) = + - g)A(A - n + £ + 2). Since p + q + 2i + 2 < n, the factor (n - q) is 
non-zero, and the claim follows. 

Finally, the case where (A,^) G can be dealt with in a very similar way. Q.E.D. 



11. Applications 

11.1. Multipliers of A^.. 

We are in a position now to extend Theorem 6.8 of [MPRlj to forms of any degree. A function 
fi definied on the positive half-line is a Mihlin-Hormander multiplier of class p > if, given a 
smooth function x supported on [^,4] and equal to 1 on [1, 2], 

||p||p,sloc := sup ||p(t-)x||r2 < oo • 

i>0 p 

Theorem 11.1. Let m : M — ^ C 6e a bounded, continuous function in L'^^^^^(W) for some 
p > (2n + l)/2. Then, for every k = 0, . . . ,2n + 1, the operator m(Afc) is bounded on LP{Hn)^^ 
for 1 < p < oo, with norm controlled by ||m||p sioc. 
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The proof follows the same lines as in |MPRlj . 

11.2. Exact L^-forms. 

As a corollary to Theorem 1 1 . 1 1 and its proof, we can derive the following extension of Lemma 
4.2 in [MPRlj . 

Lemma 11.2. Let r he such that 1/2 — 1/r = l/(2n + 2). If u £ L^A^ is such that to = du in 
the distributional sense for some u E V h^~^ , then there is some v E U'A!'~^ such that ui = dv 
in the sense of distributions. Moreover, to G i2fc_i(L^A'''^^). 

Proof. Define 

v:=L-'HLhA-'^^)Rl_,u:. 

1 _i 

We have seen that the operator Aq A^^-^ is L^-bounded for 1 < p < oo, which implies that the 

1 _i 1 _i 1 _i 

same is true for LiAf,^-^ = {L^Aq ^ )(Aq A^,_^-|^). As in the proof of Lemma 4.2 in [MPRlj . we 

can thus conclude that v G L^A^~^. And, if ^ G SA^, then 

{dv,0 = {oj,Rk-i{A',^,L2)L~-2d*0 = {oj,Rk^iRl^,0 = 0, 
so that dv = Rk^iRl._iUJ G L^A^. By Lemma this implies that 

m = dv + R^RkijJ, 

and by the same lemma Rk^^ = A^^^dhj, where dhj = d^u = in the sense of distributions. This 
implies that uj = dv, and thus also that uj G i?fc_i(L^A^~^). Q.E.D. 

Corollary 11.3. If uj £ L^A^, then uj G i?fc_i(L^A'^~^) if and only if there is some u G V A^^^ 
such that UJ = du in the sense of distributions. 

Proof. One implication is immediate by Lemma 111.21 To prove the converse implication, let 
us assume that uj G Rk-iiL"^ A^~^) . Then, according to Lemma 14.41 and Proposition 14. 5j uj = 
Rk-iR\_iUJ. Moreover, if we define v as in the proof of Lemma lll.2j then v G U A^~^ and 
dv = Rk-iR]._iUJ , hence dv = uj. We may thus choose u = v. Q.E.D. 

11.3. The Dirac operator. 

2n+l 

Let us denote by A = ^® A'^ the Grassmann algebra of fj* , and by L^A = U'{Hn)A = 

k=0 

2n+l 

^® L^A^, 5A etc. the space of L^-section, 5-sections etc. of the corresponding bundle over H^. 

k=0 

The Dirac operator acting on SA is given by 

(11.1) D ■.= d + d* . 

Notice that = A on dom(A), that is, the Dirac operator D and the Hodge Laplacian A 
commute as differential operators. 
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However, in order to reduce the spectral theory of D to that one of A we need to show 
that D and A strongly commute, in the sense that the aU spectral projections in the spectral 
decompositions of D and A commute. 

— 2 

Proposition 11.4. We have that D = A. In particular, D and A strongly commute. 

Proof. Recall from the previous section that the Riesz transform R = dA^2 and its adjoint 
R* = A^2d* = d*A^2 are L^-bounded for 1 < p < oo. Let us put 



One easily verifies that P^ = P± and P^ = P±, so that P+ and P_ are orthogonal projections, 
which are in fact L^-bounded for 1 < p < oo. Moreover, 

(11.2) DP± = ±A^P±, 

i.e., 



D = A^Pi - A^P_ 



Let A = f^°^ XdE{X), so that 

f+oo r+oo 



r+oo r+oo 

A2 = / VXdE{X) = / sdE{s) , 
Jo Jo 



where E denotes the image of the spectral measure E under the mapping A i— )• \/A. Therefore, 

Z) = A2P+-A2P_ = / sd{EP+){s)- / sd{EsP^){s) 

Jo Jo 

Now, if yl C M is a Borel set, let us put 

(11.3) F{A) := E{A+)P+ + ^(-A_)P_ , 

where := Ar\ [0, +oo) and A_ := Ar\ (— oo, 0). Then F is a spectral measure on M, and 

/ + 00 
s dF{s) on SA . 
-oo 

Indeed, notice that, since the operators R, R* are bounded and commute with A on the core, 
they also commute with the spectral projections E{B), i.e., 

(11.4) E{B)P+ = P+E{B) . 
Moreover, we clearly have 

F{A) = FiA+) + FiA.) , 

and P+P~ = P~P+ = 0. This implies that F{A) is an orthogonal projection, and that F is a 
spectral measure on M. 
We set 



(11.5) D:= sdF{s) 

J — oo 

as a closed operator, and claim that indeed D = D. 
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To verify this, denote by Dq the restriction of D to SqA. Since D = D on SA, we then have 
Dq C D C D, and clearly 

hoo r+oo 



/+00 r+oo 
s'^dF{s) = / XdE{X) = A 
-oo Jo 



Thus, it remains to show that D C Dq. 

Let € domD. It suffices to assume that there is an interval / = [a,b], with < a < 6, so 
that F(R \ K)^ = 0, where K = lU (-/); hence = fj^s dF{s)^. 

Let </? be a smooth cut-off function, even, identically 1 on K and with support contained in 
K' = I'U {-!'), where /' = [a', b'] with 0<a'<a<b<b'. Then, 

A( = D^C= [ s^dF{s)^= [ s'^ip{s)dF{s)C = [ Xtp{X) dE{X)^ , 
Jk Jk Jo 

where ip is a smooth function with compact support in K'^ = {s^ : s G K'}. 

Hence, if Q := = 'ip{X)dE{X), we have that = AQ^. It is clear that Q is given by 

right-convolution with a Schwartz function, and that Q is C/(n)-equivariant, hence it preserves 
the core 5oA for A. 

Choose a sequence C 5oA such that Cn ^ C and A^„ — A^. 

Then {Q^,n} C So, QS,n QS, and AQ^n A^. Therefore, we may assume that ^„ = QCn 
and ^ = qI. Then 

A^e = A^QC= / xh'WdE{X)C 
Jo 



lim / A2 V(A) dE{X)Cn 

;>oo 

lim / sip{s)dF{s)^,n ■ 



Hence, by (jll.Sp it follows that 



DC = lim D^n = lim Do^n ■ 
This implies that SqA is a core also for D; hence D = Dq. We have thus seen that 

/ + 00 
sdF{s) . 
'OO 

By ()11.3|) and (jll.4p F(A) and E{B) commute; hence D and A strongly commute. Q.E.D. 

Moreover, if m is a bounded, Borel measurable spectral multiplier of M, then 

(11.6) m(L>) = m(A5)P+ -hm(-A5)P_. 

As an immediate consequence of Theorem 111.11 and Theorem 110.11 we therefore obtain 

Corollary 11.5. Let m : M. ^ C be a bounded, continuous function in -i^psloc(^) f^''" ^^^^^ 
p > (2n -|- l)/2. Then m{D) is bounded on L^(i?„)A for 1 < p < oo, with norm controlled by 

1 1 lip, sloe- 



hodge laplacian on the heisenberg group 73 
12. Appendix 

In this final section we collect some technical facts and proofs that we have previously set 
aside. 

We need some preliminary computations. 
Recall first from Lemma 15.51 that 

(12.1) [d*,e{deY] = me{def-^ , [d*,e{d9Y] = -me{def-^ . 

Taking adjoints, this implies 

(12.2) [d,i{def] = m*i{def-^ , [d,i{d9f] = -m*i{def-^ . 

Lemma 12.1. If cr ^ ker i{d9) C and s + 2j < n, then 

i{deye{deya = Csja , 

where the coefficients Csj are defined in (j7.8p . i.e., 

^ ^ JKn - s)\ 
""'^ {n-s-jy.' 

Moreover, the following relations hold: 

j^Cs+ij_i = Csj - Cs+ij, Csj{n - s - j) = Cs+ij{n - s), jcs+ij-i{n - s - j) = Cg+ij . 

Proof. Use formula (2.8) in [MPR1| to compute i{d6)e{d6y a. Observe that ujj there corresponds 
to our a and the value k = p + q there is our s + 2j. Therefore, 

i{de)e{deya = j{n -s-j + l)e{dey~^a . 

Consequentely, 

i{deye{deya = j{n -s-j + i)i{dey-^e{d9y-^a , 

and the statement follows inductively. Q.E.D. 
If ^ G Wq, then ^, 9^, 9^ are in ker i{d9), and consequently we see that 

(12.3) i{deye{deyi = cs+i^i , i{deye{deydi = c.+ijse , i{deye{deydi = c.+i^ae . 

This is not necessarily the case for dd^, dd^. We therefore need some more computations to 
simplify the expressions 

d*d*i{defe{defdd , i{deYe{def-^dd , etc. . 
Lemma 12.2. For ^ G W^, 

d*d*i{deye{deydd^ = Cs+i,j(n + i{j + l)T)Ui , 

d*d*i{deye{deyddi = cs+i,j{u - i{j + i)r)ne , 

d*d*i{deye{deyddi = d*d*i{deye{deyddi = -Cs+i,jUUi . 
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Proof. We have, by ([12:2]) 

d*d*i[deye{deyddi = d*d*[i{dey,d]e{deyd^ + d*d*di{deye{deydi 
= ijd*d*d*i{dey~^e{deydC + Cs+ijd*d*ddC 
= ijTd*i{deye{deydi + Cs+ijd*d*dd^ 

= cs+i,jd*{n + ijT)d^ 
= c,+i,,(n + i(j + i)r)nc . 

The second identity follows in a similar way. Finally, we have 

d*d*i{deye{deyddC = d*d*[i{dey,d]e{deydi + d*d*di{deye{deyd^ 

= -cs+i,jd*dd*di 
= -Cs+i,jnnc ■ 

This proves the lemma. Q.E.D. 

Lemma 12.3. The following properties hold true. 

(i) For all p, q, OW^'" = XP'" and UW^'" = YP'". 

(ii) In particular, □ maps XP''^ into itself, and □ maps YP''^ into itself. We therefore set 
(12.4) Ox = D,^,, : XP''' ^ XP''^ , Dy = Di^,,, : F^'^ ^ YP'^ . 

Then and Dy^ are well defined on XP''^ and YP''^, respectively. 

Proof, (ii) is immediate from (i). To prove (i), we verify the statements concerning the spaces 
XP'^, the discussion of the spaces YP'^ being similar. Observe first that □ leaves Wq''' invariant 
because of ([L20]). 

Thus, in view of Remark I5.10| if 1 < p < n — 1, then XP''' = Wq''', and we are done. And, 
if p = and C G Wp'^ then = d*d^, so that by Lemma |M] Co = 0, hence € XP''^. 
Finally, if p = n and ^ S Wn''', then = dd*^ = 0. Q.E.D. 



Proof of Lemma 7.5. Define Bi^£ to be the unbounded operator from L A^'^ to (L A ) defined 



by the matrix on the right-hand side of (j7.6p . with core 5oA^'^, and set 



(12-5) =:B 



Bn Bi2 
|(,yp,9)2 — - - yB2i B22 

We will use Lemma 17.41 to see that 

A*l fA-i f = B^ oB\ f\ 
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Then, the matrix entries of B are: 

Bu = d*i{deYe{defd 
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+ ( UT-'d*d*i{def-^ - T-'Ui{def ) ( UT-'e{def-'dd + T-'e{defu 



HT-^eidey-^dd + T'^eideYn 



ilT~'d*d*i{def~' - T^'Ui{def ) ( ilT^'e{def~^dd - T~'e{defU ) . 



B22 = d*i{d9Ye{d9Yd 

B12 = Bl^ = d*i{deYe{deYd 



By ()12.3|) and Lemma 112.21 we have that 



i^d*d*i{deY~^e{d9Y~^dd + itd* B* i{d9Y^^ e{d9YU 



UUi{d9Ye{d9Y~^dd - Ui{d9Ye{d9Y^ 



(12.6) 



- ieT^^d*d*i{d9Y^^e{d9Y^Hdd + dd)D 

- UT-^U{d*d* + d*d*)i{d9Y-^e{d9Y~^dd - c,,^^^ . 

Now notice that by Lemma 112.21 

d*d*i{d9Y~^e{d9Y~^{dd + dd) = -c+i^^^iDD + c,+i,^_i(n + iff )□ 

and, by taking adjoints, 

{d*d* + d*d*)i{d9Y-^e{d9Y-^dd = iics+i,i^iTn . 
Therefore, substituting into (|12.6p and applying the identities from Lemma [12.1l we obtain that 



B 



11 



Cs+i/T"^ + ifcs+i/-iin - s- l)T - c^+i/D 



By conjugation, we also get 



B' 



22 — Cs+l,. 



ilT-U 
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Finally, arguing in a similar way, we find that 



Bi2 = T- 



''^d*d*i{deY-^e{d9Y-^dd - c.^^DD + iid* B* iidOy- ' e{deYn 



+ iiai{d9yeideY~'dd 

- {fcs+i,e-i + Cs,i)na - i£T~^d*d*i{d9Y~^e{deY~Hdd + ddp 
+ ieT~^D{d*d* + d*d*)i{deY~^e{deY~^dd 



These computations show that 



B = Bi oB\ p\ = — c<i-i_i fT 



□□ □(□ + i£r-T2) 



It is obvious that B maps (W^'^'f into itself, so that, by Lemma[731 A* ^Ai^i = Bl^Bi^. 
This proves the lemma. 



Q.E.D. 



Completion of the proof of Lemma \775[ Since Q maps the subspace {Wq''^Y i^^to itself, we have 
that 



R 



-Qt QX 
-Ql Q- 

Rii Ri2 
R21 R22 



□ (□ - i£T - r2) □□ 

□□ □(□ + i£T - T^' 



Qt QZ 
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We compute first Using the identity □ — □ = 2imT and (j6.9p . we have 

-T^Rii = {Q*NQ)n 

= ( - Q+D{D - ilT - T^) + Q+DD) {-Qt) + ( - QtaU + Q^Dp + UT - 
= {Qt'fn{n - UT - T^) - 2QlQ+Dn + {Ql fUiU + UT - T^) 
= (r + m + iT)'^D{D - i£T - T^) - 2{T + m - iT)(T + m + iT)Dn 
+ (r + m - iTf + UT - T^) 

= (r + mf [□(□ - ilT - T^) - 2nn + □(□ + ilT - T^) 
+ 2iT{T + m) [□(□ - i£T - T^) - □(□ + UT - T^) 

- [□(□ - UT - T^) + 2UU + □(□ + UT - T 
= (r + mf [(□ - n)^ - UTiU - □) - T'^iU + □) 

+ 2iT{T + m) [(□ + □)(□-□)- iff (□ + □) - r2(n - □) 

- T^ [(□ + Uf - UT{U - □) - T2(n + □) 
= -T^ (r + m)^(AH + 2m(2m-£)) + 2(r + m) ((2m - ^)Ah - 2mr2) 

+ (Ai^(A//-r2) + 2mff2) 
In the same way one finds that 

-T^R22 = {Q*NQ)22 

= -T^ (T - mf {Ah + 2m{2m - £)) - 2{T - m){{2m - £)Ah - 2mT^) 
+ {AH{AH-T^) + 2m£T^) 
Finally, using the formulas in ()6.9p we see that 

-T^R2i = {Q*NQ)i2 

( - Qln(n - UT - T^) + Q+nO)(-Q;) 

+ ( - Qtnn + Q+n(n + ut - t'^))qz 

QtQ+D{D - UT - T^) - Q+Q+DD - QtQZDD 
+ QXQzn(D + UT - T"^) 

2nn(n - UT - t'^) - {Ah - 2t'^ - 2irr)nn 
- (Ah - + 2irr)nn + 2nn(n + ut - r^) 

. 



-T^Ri2 
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Proof of Lemma 7.10\ (i). In order to compute A2f^A2/ we apply again Lemma l7.4i We first 
define B2/ as the term on the right hand side of (|7.19p acting as an unbounded operator from 
{L'^AP'^f to (L^AP'?)^, with core (5oAP''^)^ and then we compute B := BlgB2,i, If we 

then show that B maps ZP''^ into itself, the equality A21A2/ = B^^^^, which in turn equals 
—Cs+i/T~^E, will follow. 

We have that 



d*d* 
d*d* 



X i{defe{def 



d*{U + ilT)-d*{U + iT) 
d* {U - UT) - d* (n-iT) 

Bd dd 

[(□ + i£T)d - (□ + iT)d] T'^ [(□ - ieT)d - (□ - iT)d] 



Using Lemmas 112.21 and 112.11 a-i^d recalling that we are acting on elements in Wg''', we see 
that the matrix entries of -Bg £B2/ are 

Bn = d*d*i{defe{defdd 

- [5*(n + UT) -d*{U + iT)] i{defe{def [(□ + UT)d - (□ + iT)d\ 
= Cs+i,ip + i{l + l)T]U 

- Cs+i,eT^^ [d* (□ + i£T) - 5* (□ + iT)] [(□ + i£T)d - (□ + iT)d] 

= cs+i,ip + i{i + i)T]n 

- Cs+i,eT-^ [(□ + i{£ + l)T)d* - Dd*] [(□ + i£T)d - (□ + iT)d] 



= Cs+i/T~^D 
Prom this it follows that 
En = -□ 



[□ + i{e + i)r] DT^ - (□ + i{e + i)t)'^d - n^n 

[D + i{£ + 1)T]t'^ - {D + i{£ + l)Tf - an 



(□ + i{£ + 1)T)T^ - (□ + i{£ + 1)T) - □□ 
= DDiAH - T^) + i{£ + l)TD [20 - + i{£ + 1)T] 
= □□(Ai^ - T^) + i(£ + l)rn [Ah -T"^ -i{n- s -£- 1)T] , 

where we have used the the equality (I1.19p . 

Thus, the statement for En follows. The term £'22 is its complex conjugate and thus it follows 
as well. 

Pinally, we compute E12, and hence -£21 too. We have that 



B 



12 



d*d*i{defe{defdd 



d*{U + i£T) -d*{U + iT) i{d9Ye{d6f (□ - i£T)d - (□ - iT)d 
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Therefore, using Lemmas 112.21 and 112.1^ 
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Bi2 = -Cs+i^eOn + Cs+i,eT-'^ [(□ + ii£+ l)T)d* (□ - iT)d + Bd* (□ - i£T)d 

= -cs+i,iDn + Cs+i,iT'^ [(□ + i{i + i)r)nn + (□ - i{i + i)r) □□ 



Recalling that B12 = —Cs+i/T ^£^12, the assertion follows. 



It is now easy to check that B maps Z^''' into itself. For, suppose that ^ G X'^''^ and r/ E y^''^, 
and put a = + Bi2r]. Observe that both Bn and B22 factor as Bij = ODij, j = 1, 2, where 
Dij leaves Wq'"^ invariant. Therefore Lemma 112.31 shows that a £ X^'"^. In a similar way, one 
shows that i?2i^ + B22TJ G y^'"?' which concludes the proof. Q.E.D. 



To compute the square root of a matrix, we shall make use of the following formula, which 
is an application of Cayley-Hamilton's theorem: For a positive definite 2x2 matrix A we have 
that 



(12.7) A + Vd^I 



VtrA + 2VdetA 



Proof of Lemma 7.10\ (ii). We have 



{A*2,A 



21 



{Al,A 



21) 



where the matrix E is as in Lemma 17.101 

Then, recalling that we set c = (£ + l)(n — s — ^ — 1), 



iiE = 2UU{/\h - T^) + i{£ + l)r(n - □)(Ai^ - T^) + cT^Ah 
= 2nn(Ai^ - T^) -{£ + l)(n - s)T^{Ah - T^) + cT^Ah 



[2DD 



+ i fT^l {Ah - T'^) + cT" . 
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Moreover, using (jl.l9p and recalling that the operators are acting on s-forms, we have 

det E = □□(Ah - T^) + l)ra(AH - T'^ - i{n - s - I - l)T) 

- i{£ + l)rn(Aiy -T"^ + i{n-s-i- l)T) 
+ + lfT'^Dn\{AH - T'^f + {n- s-l- ifT"^ 
= □□(A// - T^) + 1)T{Ah - T^){a - □) + cT^Ah 

+ {£+ lfT'^Dn\{AH - T'^f + {n-s-i- ifT^ 



□□(Ah -T2)r2 



+ l)in-s)iAH-T^) + cAH 



+ {£ + ifT'^an {Ah- T'^Y + {n- s-£- ifT 



Au-T^ + c 



cDnT'^A" 



This implies in particular that 



A' := tr E + 2VdetE 

= [200 -{£ + 1)2t^] {Ah- T^) + cT^ + 2\/^cnrW 

= [2^n -{£+ ifT'^] {Ah-T^)-T^(- cT^ + iVcDUA") . 



The formula for (^2f^2/)2 in Lemma 17.101 (ii) is now immediate. 
And, if we write 



E-^ 



1 



detS 



then we have 

{AUA2,e)-^ 



\T\ 



^Cs+iWdet E 
\T\ 



_g.(co) ■ 



y/c^ipT^V det E Y^tr£;M + 2V det E^""') 
\T\ 1 



(e(™) + Vdet^(™)/) 



^Cs+i,eVdetE y/trE + 2VdetE 



(S(™) + Vd^l) 



^/cI^|r|Vc^^A"^/A 



i=(^(=°) + \/dit^I) 
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The result for 1-^-2/) ^ now follows easily, since 



□□(Ah -T^ 

+ 



1 1 
1 1 



U[-i{l + l)T{^H -T"^) - cT"^] 

□[i(^ + l)r(Aif - T2) -cT^] 



where Mn and M22 are as claimed in (|7.2ip . Q.E.D. 
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